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Abstract 



The degenerate third Painleve equation, u"{t) = S'^J-. " ^^' + ^ (Seu'^ (r) + 2ab) + -^^-p- , where 

e = ±l, b£R\{0}, and aSC, is studied via the Isomonodromy Deformation Method. Asymptotics 



r^ . of general regular and singular solutions as r — ^ ±00 and r — >■ ±ioo are derived and parametrized 



in terms of the monodromy data of the associated 2x2 linear auxiliary problem introduced in pQ . 
Using these results, three-real-parameter families of solutions that have infinite sequences of zeroes 
and poles that are asymptotically located along the real and imaginary axes are distinguished: 
asymptotics of these zeroes and poles are also obtained. 
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1 Introduction and the Manifold of Monodromy Data 

In this paper we continue our study [T] of the degenerate third Painleve equation, 

u"ir)J^^^ + k-^eu^irH2abHJ^^, e = ±l, (1.1) 

u[T) T T '^J-yT) 

where the prime denotes differentiation with respect to r, and 6 G M \ {0} and a G C are parameters. 
For other Painleve equations, there exist families of solutions that have zeroes and poles accumulating 
at the point at infinity (see, for example, |2]). In Part I [1], such solutions were not distinguished; 
therefore, the main purpose of this work (Part II) is to determine whether or not such solutions exist, 
and if so, to find their asymptotics. 

As shown in [T], Equation (ll.ip can be presented as a Hamiltonian system, with the Hamiltonian 
function, 'H(t), given by 

In [T] we introduced the auxiliary function 



4w(t) 2 V 2 

which defines Backlund transformations for Equation (|l.ip : 

^^q^^4eqir) + Mr), 2f{r)^q{r)p{r), -r^Mli = (^2/(r)+ia+i) '-i (ia+l 

where ^(t) = u{t) and p{t) is a Backlund transformation of u(t). In the Hamiltonian setting, the 
functions q{T) and p(r) are, respectively, the generalized coordinate and impulse. (More detailed 
information about the functions 'H(t) and /(r), in particular, the corresponding ODEs they satisfy, 
can be found in Proposition 1.3 and Remark 1.3 of [T].) In this work, these functions play an important 
role in the study of the zeroes and poles of u{t). 

Section 1 of [1] contains a review of the literature on the theory and applications of Equation (11.11) ; 
so here we mention only those papers that are related to Equation (|l.ip and which have appeared since 
the publication of [T] . According to the algebro-geometric classification scheme given in [3] , the space of 
initial conditions of Equation (jl.ip can be characterized by the extended Dynkin diagram of type D^. 
There is another case of the degenerate third Painleve equation which can be obtained by a similarity 
reduction of the well-known Sine-Gordon equation: in the classification scheme of [3], this equation 
is of type Ds- The latter equation is known to be equivalent, via a quadratic transformation, to a 
special case of the "complete" third Painleve equation (type Dq in the classification of j3]); therefore, 
we use the term "degenerate" to specify only Equation (|1.1|) . or its equivalent forms. Asymptotics of 
solutions of the D^ equation were studied via the Isomonodromy Deformation Method in 2[ . Recently, 
asymptotics of the so-called instanton solutions of the D^ equation were obtained in ^ via the exact 
WKB analysis. We also mention the recent work [5], where a class of semi- flat Calabi-Yau metrics is 
obtained in terms of real solutions of Equation (11.11) with a = 0. 

In this work we apply the Isomonodromy Deformation Method: the reader can find some basic 
ideas and references concerning this method in Sections 1 and 2 of Pl . We also mention the new mono- 
graph [6] , which reflects some recent developments of this method and of a closely related technique 
based on a steepest-descent-type analysis of the associated Riemann-Hilbert problem [7j. Although 
Equation ()l.ip resembles one of the standard representatives of the list of the Painleve equations, 
its asymptotic study via the Isomonodromy Deformation Method contains, in contrast to the other 
Painleve equations, additional technical difficulties: the problem is that the corresponding Fuchs- 
Garnier (or Lax) pair is degenerate (see [T] for details); therefore, in contrast to the non-degenerate 
versions of the Painleve equations, its associated WKB analysis requires a much more careful evalua- 
tion of the correction terms. In fact, this is one of the reasons why the present work took 6 years to 
complete since the appearance of 1 . 

In order to make the presentation as self-contained as possible, we now embark on succinctly 
reminding the reader about some of the basic facts introduced in Sections 1 and 2 of [Ij . 
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Our study of Equation (|1.1[) is based on the following Fuchs-Garnier (or Lax) pair (see Proposi- 
tion 2.1 of ^Ij): 

d^^{fi,T)^U(p,T)^{fl,T), dr^{fi,T)=V{fi,T)^(p,T), (1.4) 

where 

ii(.,.)^-2i.,.3+2.f ' 7^^m]-'-L+^;^mkL+l-].. 

If 5(r) 

^ fj,2 \iTB{T) 



\-DiT) J \2r ^-A{t)B{t)^ 

1 / 5(r)' 



CT3 



2t^ \^irB(T) 
with (Jz — iyli -i), and 

5W:=-;g^ (iaV-^(r)B(r)+r(A(r)i?(r) + B(r)C(r))) . 

Proposition 1.1. The Frobenius compatibility condition of System (II. 4p /or arbitrary values o//iGC 
a77.d /or differentiable, scalar-valued functions A{t), B{t), C{t), and D{t) is that these functions 
satisfy the following system of isomonodromy deformations: 



A'{t) = 4C(r) ^~A{t)B{t) , B' (r) - -4D{t) ^-A{t)B{t), 

(rC(T))' = 2iaC(r)-2ryl(T), (rL>(T))' = -2iaD(T) + 2rB(T), (1.5) 



{^-A{r)B{r)y^2iAir)D{r)~B{r)C{T)). 
Remark 1.1. Hereafter, all explicit r dependencies are suppressed, except where confusion may arise. 

A relation between the Fuchs-Garnier pair (II. 4p and the degenerate third Painleve equation (II. ip 
is given by 

Proposition 1.2 ([1]). Let u — u{t) and (p — ip{T) solve the system 

u r r u (i_g) 

, 2a 

</'-— + -, 
r w 

where e = ±l, and a,bCzC are independent of t. Then, 

^M:=!^e'*>. i,(.,: = -!i^e-«'). CM:-!!^, Bir)-.= -1I^. (1.7) 

so/we System (|1.5p . Conversely, let A{t)^Q, B{t)^0, C{t), and D(t) solve System (|1.5p . and define 

u{T):=eT^-A{T)B{r), ^{r):=-'-\n(^-^^ , and b:=u{T){^^' {t)-'^ 

Then b is independent of t, and u{t) and (p{t) solve System (jl.6p . 



In this work asymptotics (as r — >■ ±00 and r — >■ ±ioo) of solutions of Equation (jl.ip are parametrized 
in terms of the monodromy data of System (|1.4p . This parametrization is equivalent to finding the 
corresponding connection formulae; indeed, given asymptotics of some solution as t~^-\-oo, say, one 
uses it to determine the corresponding monodromy data, and therefore to obtain asymptotics of the 
same solution as r — > —00 or r — > ±ioo. Furthermore, employing results from [I], one arrives at 
asymptotics of the same solution as t — >■ ±0 or t — ?► ±iO. Therefore, it is important to remind the 
reader about the definition of the monodromy data of System (|1.4p given in [T] . 
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On the complex /i-plane, System p.4p has two irregular singular points, /x = cx) and /i = 0. For 
<^oo,<5o>0 and fcgZ, define the (sectorial) neighborhoods 51^ and Jl°, respectively, of these (singular) 
points: 



n'^ -.^ \fieC: |m|>(5J, -- + — <arg^+-argT< 



TT Trfc 1 TT Trfc 

- + -<argM+-argr<- + - 

1 1 



r^j. := <^eC: |/i| <(5o, — 7r + 7rfc<arg/i— - argr— - arg(e5)<7r + 7rfc 

The following Proposition is a direct consequence of general asymptotic results for linear ODEs [5J [3] ■ 

Proposition 1.3 ([1]). ForkeZ, there exist solutions Y^{p) ^Y^{fi,T) and X^{fi) = X^{fi,T) of 
System (|1.4p which are uniquely defined by the following asymptotic expansions: 



pen" 
X°(/x) := *o(I+2iM+---)cxp(-^^c73), 



where ln/i:=ln |/i|+iarg^, 



^^\ ..,. /^(?) 



/;„ I 1 I 2tAD \ „ ,„ , , f;„ I 1 I 2tAD \ 



2iV^ Vefo -S 2i%/^ 

mi/i I=(J i), and 0-1 = (0 1). 



Remark 1.2. Tiie canonical solutions X^{iJ,) are defined uniquely, provided the branch of ^J Bir) is 
fixed. Hereafter, the branch of ^J B(t) is not fixed; therefore, the set of canonical solutions {X^{ii)}ki£z 
is deGned up to a sign. This ambiguity doesn't affect the definition of the Stokes multipliers (see 
Equations (jl.Sp below), but results in an ambiguity of sign in the definition of the connection matrix, 
G (see Equation p. lip below). 

The canonical solutions, Y^{^) and X^{fi), enable one to define the Stokes matrices, S^ and S'^: 
Y,^,{fi) = Y,^{f,)S^, X°,^,{ti)^X^if,)Sl. (1.8) 

The Stokes matrices are independent of the parameters /i and r, and have the following structures: 

The parameters s^ and s^, ngZ, are called the Stokes multipliers. One can show that 



Equations (|1.9p show that the number of independent Stokes multipliers does not exceed six; for 
example, Sq, s", s^, sJ°, s^, and s^. Furthermore, due to the special structure of System (jl.4p . that 
is, the coefficient matrices of odd (resp., even) powers of ^ in 'U(/j,,t) are diagonal (resp., ofF-diagonal) 
and vice-versa for V{fi, t), one can deduce the following relations for the Stokes matrices (multipliers): 

^.°^2='^3e-"^'^~^^"^^re'^^'^'^^''^'^3, Sl^a^Sl+^cj,. (1.10) 
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Equations (|1.10p reduce the number of independent Stokes multipliers by a factor of 2, that is, all 
Stokes multipliers can be expressed in terms of Sq, sg°, s^", and the parameter of formal monodromy, 
a. There is one more relation between the Stokes multipliers, which follows from the so-called cyclic 
relation (see below). Define the monodromy matrices at infinity, M°°, and at zero, Al'^ , by the following 
relations: 

ro-(/ie-2-) :=y-(/i)Af-, Xo"(Me-2-) :=XO(m)M°. 

Since Y(f°{fj,) and ^o (m) ^^^ solutions of System (ll.4p . they differ by a right-hand (matrix) factor G: 

ro°°(/i):=^o°(M)G, (1.11) 

where G is called the connection matrix. As matrices relating fundamental solutions of System (11.41) , 
the^monodromyj^ connection, and Stokes matrices are independent of /i and t; furthermore, since 
tr(U(/z,T)) = tr(V(/i,T)) = 0, it follows that 

det(Af °) = det(M°°) = det(G) = 1. 

From the definition of the monodromy and connection matrices, one deduces the following cyclic 
relation: 

GM°°=M^G. 

The monodromy matrices can be expressed in terms of the Stokes matrices: 

The Stokes multipliers, Sq, sg°, and s"^, the elements of the connection matrix, {G)ij—:gij, i,j — 1,2, 
and the parameter of formal monodromy, a, are called the monodromy data. Consider C* with co- 
ordinates {a, Sq, s"^ , s"^ , gii, gi2, g2i, 922)- The algebraic variety defined by det(G) = 1 and the semi- 
cyclic relation 

G-^S^aiG^S^S^aae--^'^''-^^^''' 

is called the manifold of monodromy data, M. Since only three of the four equations in the semi-cyclic 
relation are independent, it is clear that dime (M) =4; more precisely, the equations defining M are: 

00 00 -1 „ — 27ra • 0„ — 7ra , ■„ — 7ra 

So Si =-l-e -iso^ > 522.921 -gii5i2 + So5ii.922 = ie 

ffii-52i-So3iiff2i=isg°e"''°, g|2-3i2 + So5i2.922=is?°e™, ffiiff22-gi252i = 1- 

Remark 1.3. To achieve a one-to-one correspondence between the coefEcients of System (|1.4p and 
the points on M, one has to factorize M by the involution G—^—G {cf. _RemarJc ll.2p . 

We now describe the contents of this paper. 

In Section [2] the main asymptotic results for u(r), 'H(r), and /(r) as r — ^ ±oo are presented. 
Solutions u{t) having infinite sequences of zeroes and poles accumulating at the point at infinity of 
the real and imaginary axes are also specified, and the asymptotic distribution of these sequences are 
obtained. 

In Section[2] (rather technical in nature) the asymptotic solution of the direct monodromy problem 
for the /i-part of System (jl.4p . under certain restrictions on its coefficients, is presented for positive real 
r. This asymptotic solution is based on matching WKB-asymptotics of the fundamental solution of 
System (|1.4p with its approximation in terms of parabolic-cylinder functions near the double-turning 
point. 

In Section |4] the results of Section [3] are inverted in order to solve the inverse monodromy problem 
for the /i-part of System (|1.4p . At this stage, explicit asymptotics for the coefficients of the /i-part 
of System ()1.4p are parametrized in terms of the monodromy data. Under the assumption that the 
monodromy data are constant and satisfy certain conditions, one finds that the asymptotics obtained 
satisfy all of the conditions that were imposed in Section |31 According to the justification scheme 
presented in [lOj . it follows that there exists exact isomonodromy deformations corresponding to 
these monodromy data, that is, solutions of the system of isomonodromy deformations (|1.5p . whose 
asymptotics coincide with the ones obtained in this section. 

Appendix A contains the Laurent expansions at zeroes and poles of the function u{t) together 
with the corresponding expansions of the associated functions 'H(t) and /(t). These results are used in 
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Section m to complete the proof of the asymptotic distribution of zeroes and poles of u{t) for positive 
real r. 

In Appendix B the asymptotic results for t — > cx) obtained in this paper are compared with the 
corresponding asymptotitcs in |il , and misprints from 1 are corrected. This comparison is used in 
Section [4] to resolve a sign ambiguity in the solution of the inverse monodromy problem. 

The main body of this paper is devoted to asymptotics as r — ^ +00. To extend the results to 
negative and pure imaginary r, one applies the action of the Lie-point symmetries r — > — r and 
r— >±ir on the manifold of monodromy data that were derived in Subsection 6.2 of Tl. Asymptotics 
for real r are presented in Section [5] (as mentioned above), and asymptotics for imaginary r are given 
in Appendix C. 

We plan to devote the third part of our studies of the degenerate third Painleve Equation (|1.1[) to 
the extension of our results to complex values of the parameter 6, and the discussion of the behavior 
of some special solutions on the real and imaginary axes together with the comparison of asymptotic 
and numerical results. 

2 Summary of Results 

In this work the detailed analysis for asymptotics of u(t) is presented for the case r— J'+oo and e6>0. 
The analytic continuation of the function u(t) from positive values of the parameters r and eb to 
negative values of these parameters is not single valued; therefore, in order to reflect this fact, write 
r= |T|e"^^i and eb= |e6|e"^^^, where £i,e2 = 0, ±1. The corresponding asymptotics, for both positive 
and negative values of these parameters, of m(t), and the associated functions 'H(r) and /(r), are 
convenient to express in terms of the auxiliary mapping 3^ei,e2 (see below), which is an isomorphism 
of the manifold of monodromy dat4j, M. The following definition of 3^ei,e2 is based on Section 6 of 
[1], that is, transformation 6.2.1 changing^ t~^^t and transformation 6.2.2 changingfj a-^—a. 

DefineEl Jeue2- (a, sj], sff, sf^, 511,312, 521, 522) ^ ((-l)=^a, sj], sff (ei,£2), s?°(ei, £2),ffii(ei, £2), 
5i2(£i,e2),52i(£i,e2),522(£i,e2)), ei,e2 = 0,±l: 

(1) Jo,o is the identity mapping: sg°(0, 0) = s[f , sf'(0, 0) = sf', and g^j {0,0) =gij, i,j = l,2; 

(2) Jo,-i: ^^(0,^1) = sfe-^ 5^(0,-1) ^sg°e-", 511(0, -1) = -.9220^, 312(0, -1) = ~{g2ij^ 
sS°g22)e"'^, 521(0, -l) = -(.gi2-s[S522)e'¥^, and 522(0, -l) = -(gii-s!]52i+(5i2-Sog22)sg°)e"'^; 

(3) %x- sg°(0,l) = sre-^ sr(0,l) = sg°e™, 5ii(0, 1) = -i5i2e¥, 512(0, 1) = -1(511 + sg°5i2)e-¥, 
521(0, 1) = -15226"?, and 522(0, l) = -i(52i + sif522)e~'?; 

(4) J_i,o: sg-(-l,0) = -sg"e-"^, ^^(-l, 0) = -5^0''", 5ii(-l,0) =5216"^, 512(^1, 0) = -5226^, 
52i(-l,0) = (5ii-s{]52i)e-''2°, and522(-l,0) = -(5i2-sg522)e''2°; 

(5) J_i,^i: sg°(-l,-l) = -s-, s-(-l,-l) = -s-e2-«, 5ii(-l, -1)^512-50522, 5i2(-l,-l) = 
-9ii+So92i- {gi2- 4922)8"^ , 52i(-l,-l)=.922-(5i2-So322)so, and 522 (- 1, - 1) = -.921 + (5ii - 
So52i)so-(322-(5i2-So322)sg)sg°; 

(6) J_i,i: s^i-l,l) = -sr, sr(-l,l) = -sC°e2--, 5ii(-l, 1) =1522, 5i2(-l, 1) = -1(521 +sC°522), 
52i(-l,l)=i(5i2-So522), and522(-l,l) = -i(5ii-So52i + (5i2-So522)sC°); 

(7) Ji,o: sg^(l,0) = -sg"e--, s^ (1, 0) = -sre-^^ gn{l£) = ig2i+s°9ii)e^ , 512(1,0) = -(522 + 
50512)6""?, 521(1, 0) = 5iie'?, and 522(1, 0) = -5i26"'?; 

(8) Ji,_i: sg°(l,-l) = -sre^^\ ^^(1,-1) = -sg°, .9ii(l,-l) = .9l2e^^ 512(1, -1) = -(511 + 
sg"5l2)e-"^ 521(1, -l)=.922e^^ and 522(1, -l) = -(.92i + 58°.922)e-'^^ 

(9) Ji,i:sC°(l,l)— sre'-^sr(l, l) = -sS°, 511(1, l)=i(522+s[;5i2)e™, 512(1, l) = -i(52i+s[!5ii + 
(522 + sg5i2)sr)e"""> and 522(1, l)--i(.9ii + s8°5i2)e-"^ 



^There is a misprint on page 1173 (Section 3) of [I]: for items (2), (3), (5), (6), (8) and (9) in the definition of the 
auxiUary mapping ^F^j^ej, the change a—^—a should be made everywhere. 

In transformation 6.2.1, eb^eb and a^a, that is, enbn=^obo and an = cio- 

''In transformation 6.2.2, t—^t, that is, t„ = To. 



4sg(£i,e2) = sg. 
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Remark 2.1. The roots of positive quantities are assumed positive, whilst the branches of the roots 
of complex quantities can be taken arbitrarily, unless stated otherwise. Furthermore, it is assumed 
that, for negative real z, the following branches are always taken: z^^^ := — \z\^/^ and z^^^ ■.= {z^/^)'^. 

Theorem 2.1. Let ei, 62 — 0,±l, eb—\£b\e^'^'^^ , andu{T) be a solution of Equation (jl.ip corresponding 
to the monodromy data (a, Sq, sg°, s^j", 511, 312,5211 322)- Suppose that 

ffii(ei,£2)5i2(ei,£2)52i(ei,e2)ff22(ei,e2)7^0, Re(i7(ei,e2) + 1)€ (0, 1) \ {^} , (2.1) 

where 

i'{ei,e2) + l-- — \n{gii{ei,e2)g22{£i,£2))- (2.2) 

ZTT 

Then there exist 5q satisfying, for 0<Re(t'(ei, £2) + !) < 5, the inequality 

l/ l + 2Re(I7(£i,£2) + l) \ 
""^ Z\l+(yRemei,e2) + l) ) ' 

and, for ^ <Re(i/(ei, £2) + !) < 1- the inequality 

0<fc<i^^~2^^(^(^i'^2) + l) 



3V9 + 2Re(j;(ei,£2) + l)y ' 
such that u{t) has the asymptotic expansion 

T^oo&^'i 2 \ 2sin (iw(£i,£2,T))y 

e(eb)^/'^ ^i/3 Sm(^79(£i,£2,r)-7?o)sin(^t?(£i,£2,T)+i9o) 

T^ooc'^'i 2 sin^(il9(£i,£25T)) 

where 



Z?(£l,£2,T 



) :=<^(r)-i (mei,e2) + l)-^) ln0(r)-i f{i;{£,,e2) + l)-^) In 12 + (-l)^^aln(2 + V3) 
^ 37r^^^^ „ ^ , 1^ , :,„ /^.9ii(£i, e2)5i2(ei,e2)r(i7(£i, £2) + !) ^ , ,^f_-SG 



^ ^-(i7(£i,£2) + l) + iln( ----^ -' -^--^ V: )+0(r-^-^lnr), (2.5) 



with 

0(r) = 3\/3(-l)"He6)i/V/3, (2.6) 

^o = -| + ^ln(2 + V3), (2.7) 

and r(-) js </ie Euler gamma function [TT. 

Lei 'H(t) be the Hamiltonian function defined by Equation (jl.2p corresponding to the function 
u{t) given above. Then 'H(t) has the asymptotic expansion 

n{r) =. 3(66)2/V/3-i(-l)^^MV3(e6)i/V-V3 ({D{e,,e2) + 1)-^ + -^ fi(-l)^^a+i) 

+ ^cot(i^(£i,£2,T)) + ^cot(ii?(£i,£2,T)-i9o)+0(r-*^)y (2.8) 

r/ie function f^r) defined by Equation (|1.3p /las the following asymptotics: 

2 I v^8in(ii)(e,,e2,T))sm(i»(ei,e2,T)-Do)/ 



r— fooc^^^i 



Remark 2.2. Define the strip {in the (p-plane) 

V:={TeC: Re(0(T))>ci, |Ini(0(T))|<C2}, (2.10) 

where 4>{t) is given in Equation (|2.6p . and ci, C2 > are parameters. In terms of the original variable 
T, the strip T> is a simply-connected domain with convex boundary of increasing width proportional 
to \t\^^^. The asymptotics ofu{T), 'H(t), and f{T) presented in Theorem 12. II are actually valid in the 
strip domain T>. 
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Theorem 2.2. Let ei, £2 = 0, ±1, e6= |e6|e''^'^^, andu{T) be a solution of Equation p.ip corresponding 
to the monodromy data (a, Sq, sg°, s^j", (711, (712,521, .922)- Suppose that 

ffii(ei, £2)5i2(£i, e2)g2i(ei, e2)522(ei, £2) 7^0, Re f — ln(5ii(ei, £2)522(ei, £2)) j = 2 ' ^^-^^^ 

Let the branch of the function In(-) be chosevLJ such that Ini(ln(— (7ii(ei, e2)g22(£i7 £2))) = 0. Define 

gi(£i,e2):=7^1n(-gii(£i,£2).922(£i,£2)) (eK). (2.12) 

ZTT 

r/ien 3 (5 e (0, 1/39) such that the function u{t) has, for all large enough m G N, second-order poles, 
T^ , accumulating at the point at infinity, 

r^ = ^i.e. (2n{^irmY/' A _ 3gi(£i, £2) Inm _ 3g2(£i, £2) jX / ._y ^ 

" " '" V3V3(e6)i/3; V 47r m 47r m; V 7' ^ ^ 



m— >oo 



where 

IT 1 /5ii(£i,£2)5i2(£i,£2) 



^2 



(£1,62) :=ei(£i,£2)ln(247r) + (-l)"-^Re(a)ln(2 + \/3) + ---arg 



arg(r(i+iei(£i,£2)))+iU-l)"^Ini(a)ln(2 + V3) + iln 



2 2 V52i(£i,£2)522(£i,£2 

ffii(£i,£2)ffi2(£i,£2) 



.92l(£l,£2)ff22(£l,£2) 



(2.14) 



furthermore, the function u(t) has, for all large enough to G N, a pair of first- order zeroes, t^, 
accumulating at the point at infinity, 



rt. = e'-^ ( M-irrn \ / _ 3gi(£i, £2) Inro 3 ^^^X / . _^X 

™ m^oo V3%/3(efe)i/3y V 47r TO 47r ^^^ ' ^ 'mj \ /' 



(2.15) 
where i?o ^s given in Equation ()2.7p . 



Remark 2.3. Further information concerning the Laurent expansions of the functions u{t), 'H(r), 
and /(r) at poles and zeroes can be found in Appendix A. 

Remark 2.4. To present asymptotics ofuir), T-L{t), and f{T) outside of neighborlioods of poles and 
zeroes, introduce the technical notion of the cheese-like domain, I?„, for a solution u{t) : 

V^:={reV: |0(r)-0(r« )| ^qr^J-*} , 

where the strip domain V is defined by Equation p.lOp . (J){t) is given in Equation ()2.6p . C > is a 
parameter, k — 00, ± (r^ are the poles and zeroes introduced in TJieorem 12. 2p . and <S < 1/39. In 
terms of the variable (p, the cheese-like domain Du is a multiply-connected domain which resembles 
V with circular "cheese-holes" centered at <t>{T!^) of shrinking radii, whilst in terms of the original 
variable r the diameter of the cheese-holes are increasing, that is, \t — t^ 
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Theorem 2.3. Let ei, 62=0, i^, e6= |e6|e"^^^, andu{T) be a solution of Equation (11.11) corresponding 
to the monodromy data (a, Sq, sg°, s^j", gn, (712,5211 322)- Suppose that conditions (j2.1ip are valid, the 
branch o/ln(-) is chosen as in Theorem \2.'2l and gi{£i,e2) is defined by Equation (I2.12p . Then there 
exist 5, Sg G R+ satisfying the inequalities 

0<'5<^, 0<S<6g<—~ — , 
39 15 5 

such that u{t) has the asymptotic expansion 

_ e{ehf/^ i/3 sin(^6>(£i,£2,r)-z9o)sin(^6l(£i,£2,T) + i^o) 

T^ooc'"^! 2 Sm (:^t^(£i,£2,T)) 



^The second condition of Equations 112.1111 suggests that this branch of ln(.) exists. 
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where 



TT 



0(ei,e2,T) :=0(r) + ei(£i,e2)ln0(r) + ei(£i,e2)lnl2 + (-l)^^Re(a)ln(2 + \/3)+2 
2 \g2i(£i,£2)g22{£i,£2jj ^ '^ V 



2 



.gii(£i,e2)gi2(ei,£2) 



ff2i(£i,e2)g22(ei,£2!l 



©(r-'^lnr), (2.17) 



with (J){t) and "da given, respectively, in Equations (j2.6p and (j2.7p . 

Let H(t) &e i/ie Hamiltonian function defined by Equation (jl.21) corresponding to the function 
u{t) given above. Then 'H(t) /las the asymptotic expansion 

n{r) =. 3(e6)^/V/3 + (-l)-4y3(e&)V3,-V3 /',^(,^^,^) + J_ f(-l)-a-A) 

+ icot(i0(£i,e2,T)) + icot(i^(£i,e2,r)-^o)+O(T-^«)V (2.18) 

r/ie function f{T) defined by Equation (|1.3p /ia,s t/ie following asymptotics: 

^ j~m.i»"\.„(.^ ?_ y pjg, 

"fC \ v^siii(l9(£,,e2,T))8in(ie(ei,£2,T)-Do)y 

Remark 2.5. For real, non-zero values ofb, singular real solutions u(t) of Equation p.ip are specified 
by the following "singular real reduction" for the monodromy dat4j: 



■S0 = -S0' Sg°(£i,£2) = -Sf^(£l,£2)e2'^", 5ll (Cl , £2) = -522(£l , £2), 

ffi2(£i,£2) = -52i(£i,£2), lm(a)=0. 

In this case, asymptotics of t^ , t^, u{t), 7^(r), and f{T) are as given in Equations (|2.13l) . (|2.15l) . 
(|2.16p . (|2.18p . and (I2.19p . respectively, but with the changes gi(£i,£2) -> £'o(£i,£2); £'2(£i,£2) ^• 
4(£i,£2), aiid6'(£i,£2,T)->eo(£i,£2,r), wiere 

£'o(£i,£2) :=-ln|gii(£i,£2)|, (2.21) 

TT 

e«(£i,£2):=£)o(£i,£2)ln(24^) + (-l)^^Rc(a)ln(2 + y3)-| 

- arg(5ii(£i,£2)gi2(£i,£2)r(i+i£'o(£i,£2))) , (2.22) 

eo(£i,£2,T) :=0(T) + go(£i,£2)ln0(T) + £.o(£i,£2)lnl2 + (-l)^^Re(a)ln(2 + %/3) 

-arg(5ii(£i,£2)5i2(£i,£2)r(i+ieo(£i,£2)))+0(T-*'^ Inr). (2.23) 



n 
2 



3 Asymptotic Solution of the Direct Monodromy Problem 

3.1 Notation 

In this section the monodromy data introduced in Section [1] is calculated as r — > +oo for eb > 
(corresponding to £i =£2 = 0): this constitutes the first step towards the proof of the results stated 
in Section [2] This calculation consists of three components: (i) the WKB analysis of the ^-part of 
System (fL4|) . that is, 

d,^{p)=U{fi,T)^>{ii), (3.1) 

where ^(yit) = \l/(/Lt, r); (ii) the approximation of 4'(/i) in the neighborhoods of the turning points; and 
(iii) the matching of these asymptotics. 



^There exist regular real solutions (cf. Part I [T]) which are specified by a different real reduction: we plan to discuss 
this in a subsequent work. 
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Some solutions u{t) of Equation (|l.ll) might (and actually do) have poles and zeroes located on the 
positive real semi-axis. In order to be able to study such solutions, one must consider a slightly more 
general complex domain I?„: this coincides with the cheese-like domain I?„ introduced in Remark l2.4l 
however, since, a priori, one does not know the solutions u(t) that have such poles and zeroes, nor the 
exact locations of these poles and zeroes (cf. Equations (|2.13l) and (|2.15p ). it is necessary to introduce 
a formal definition for I?„. Denote by Vu and Zu, respectively, the countable sets of poles and zeroes 
of u{t): as follows from the Painleve property, these sets might have accumulation points at and oo. 
Define neighborhoods of "P^ and Z^, respectively: for S>Q, 

Vt:={TeC: \^{T)-cj,{rp)\>C\Tp\-\TpeVu}, (3.2) 

Zt:={TeC: |0(r)-(/)(T,)|>C|T,r^T,eZ„}. (3.3) 

Now, the cheese-like domain 2?„ is defined: 

V,r.=V\{VtuZt), (3.4) 

where D is given in Equation (|2.10p . 

Remark 3.1.1. Throughout this section, and for brevity of notation, the following convention is 
adopted: in asymptotics of all expressions and formulae depending on u(t), the '^notation" r— >-|-cxd 
means Re(r)— )-+oo and rGl?„. 

Further notation used throughout this section is now summarized: 

(1) I = (J ?) is the 2 X 2 identity matrix, cti = (O J), cr2 = ( ■ q')' ^^'^^ ^^3 = (o -i) are the Pauh 
matrices, (j± := 2 ((7i±icr2) are the raising (+) and lowering (— ) matrices, and M± :={xgR: ±a;> 

0}; 

(2) for (Q,<;2)eK X R, the function (z-<;i)''^2. £\^ (-cx),<^i) ^ C, z 1-^ exp(i<;2 ln(z-<^i)), with the 
branch cut taken along (— cx),<;i) and the principal branch of the logarithm chosen; 

(3) for a scalar Wq and a 2 x 2 matrix T, ujo T :=uj^'-^Tuj^''^; 

(4) for a 2x2 matrix-valued function 2) (z), y{z)—z^zoO{*) (resp., o(*)) means 2)^(2;) =z^z(, C'(*ij) 
(resp., o(*y)), i,j^l,2; 

(5) for «8(-)eM2(C), ||*B(-)I|:=(EL=i*S,j(-)WO)^^^ denotes the Hilbert-Schmidt norm, where 
* denotes complex conjugation of *; 

(6) for some ^* > and sufhciently small, Os, (p) denotes the ^^-neighborhood of the point p, that 
is, 05.(p):={zeC: \z-p\<d,}. 

3.2 WKB Analysis 

This subsection is devoted to the WKB analysis of Equation p.ip as r ^- +00 (and eb > 0). In 
order to transform Equation p.ip into a form amenable to WKB analysis, one uses the result of 
Proposition 4.1.1 in [1,, which is summarized here for the reader's convenience. 

Proposition 3.2.1 ([1 ). Let 

A{T)=a{T)T-^/'^, B{T)^b{T)T-^/'^, C{t)^c{t)t~^/'^, D{T)^d{T)T-^/^, 

where '^{'p) = '^{Ji,T). Then 



(3.5) 

d^^{-fi)=T^'^A{ji,T)^{jr), (3.6) 



where 



^(,,.).-2.f..+ f 0,, -^^^3*i\ ,,(4pv3^^ 1 . „ ^ ^^^^^ 



-2d{T) / 2pi ^2 \^i5(-^) 

with 

■.rirm^J l\_,, J2a^d^_ (3.8) 

2) ^-a{T)b{T) 
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It is now important to state under what conditions the WKB analysis of Equation (j3.6|) is under- 
taken. Define the functions rQir), uo{t), and hQij) via the following equationtiJ: 

y^^(7)&M+c(rMr) + ^^^Ml)l=^ (3.9) 

2^-a(T)6(T) ^ \ IJ 4 

r(T) = -2+fo(r), (3.10) 



{eh) 



2/3 



v/-a(r)&(r)^^^(l + zio(r)), (3.11) 

and assume that the functions rQ[T), uq{t), and ho{T), which are holomorphic in the domain I?„, 
satisfy the conditions 

O(r-H^-i) ^ |^^(^)| ^ 0(^5)^ O(r-H^i) ^ |^^(^)| <; 0(^25)^ 

r— >-4-cx3 r— >-+oo r— J-+00 r— j' + oo 

1 . ,11 (3.12) 

< O(t^), |;io(t)| s; O(t^), 0<,5i<-, 0^<5<: 



II+UoIt)! r-i.+oo ' r^+00 ' 3' 39' 

where the parameter S is the one that was introduced in the definition of the cheese-like domain I?„ 
(cf. Equations ([321), dHS]), and ([Q]) ). 

Remark 3.2.1. Even though, at this juncture, the upper bound 1/39 for the growth exponent, S, 
given in conditions p.l2p might seem artiGcial, it must be noted that it arises naturally during the 
course of the ensuing asymptotic analysis. 

It is also assumed that the functions a{T), b{T), c{t), and d(r) are related via the "integral of 
motion" associated with the underlying Hamiltonian structure of Equation ()l.ip (see [I], Lemma 2.1): 

a{T)diT) + b{T)c{T) + ia^~a{T)b{T)T-^^'^^-'-^, e = ±l. (3.13) 

Remark 3.2.2. It is worth noting that Equations (|3.9p - p.lll) and (|3.13p are self-consistent; in fact, 
they are equivalent to 

(3.15) 
-2/3_i^b)y^fiMr)? + kMr)Mr) iro{r)r\ A^b)^^' f ^ i^ r'^^ 



^ ' 2 \ 1+Mr) 8 y 2 V 2; (l + Mr)) ^ ' 



furthermore, via Equations p. lip , p. 141) . and p.lSp . 



'^-m'" (ML-'^Vz ( «+i ) --■'" I ^ (3^17) 



I-I-uo(t) 4 y 2 V 2 

In certain domains of the complex /I-plane (see the discussion below) , the leading term of asymp- 
totics (as r->+oo) of a fundamental solution, ^(/I), of Equation p. 61) is given by the following WKB 
formul4j (see, for example, Chapter 5 of [9]), 

^WKB(M)=r(/l)exp(-a3iT2/3 riiOd^- rdvag{{T{0)-'diT{0)dA , (3.18) 



^Equations (63)-(66) in [T] are expressed in terms of the functions ro(T) and uo(t), whereas Equations II3.9D -I l3.lll l 
and conditions 1 13. 12t are expressed in terms of the functions ro(r) :=ro(T)r~^' '^ and uo{t):=uq{t)t~^'^. 

*For simplicity of notation, the r dependencies of ^WKBilJ-), l{Ji), and T{J1) are suppressed. 
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where 



l{li):^^dct{AiJi)), (3.19) 

and Tip), which diagonahzes ACJl), that is, {T{'jT))^^A(jl)T{jr)^—U{'jl)a3, is given by 



where Aii{fJ,) is the (1 l)-element of the matrix A{fJ,) (of. Equation p.7|) ). 

Proposition 3.2.2. Let T{Ji) be given in Equation (|3.20l) . wif/i A{Ji) and IQl) defined by Equa- 
tions (j3.7p and (13.191) . respectively. Then det(T {]!)) — 1, and tT{{T{p))^^diiT{'fr)) = 0; furthermore, 

diag((T(^)) 9,T(^)) = --^ 2i/ffiMn(Al) + 2^^(Al) J"" ^''''^ 

Proo/. Set T(/2) = ( ^^j[5] ^^^[5j j . From the formula for r(/I) given in Equation ([3:201) . with A{J1) 
and Z(/i) defined by Equations (j3.7p and (j3.19p . respectively, one shows at 

Trr(M) = T,,(M) = J^ii|tigL, t,,(^)- ^"^-(^^ 



V2i/(M)(^ii(Ai)-i^(M))' ^ V2i^(M)(^ii(Ai)-i^(M))' ^3^2) 

T (71) = i-42i(A^) 

''^^^ v/2iZ(/i)(^ii(M)-i?(M))' 

whence (as dct(yt(/7)) = /^(pi) and tr(y^(/I)) = 0) det{T{Ji)) = {Tii{'jl)f - Ti2(il)T2i(il) = 1. Since 
det(r(/I)) = l, it follows that 

(T(r,\\-^r)-^T(r,\-(^^^^^^^^^^^^^^ ~ Ti2{p)dj,T2i{]l) Tii{lL)dj,Ti2iJl) - Ti2iJi)dj,Tii{Ji)\ 
[1 [fi)) 0^1 W-[j^^^~^g^T^^^~^ „ T2i(A2)a^Tn(Al) Tn{Jl)djiTn{Jl) ~ T2i{Ji)dj,T^2{jr) ) ' 

whence 

which implies that tr((T(pi))-ia^r(p^)) = 9p((rii(pi))2-Ti2(p^)r2i(/I))=a^(l)=0. Writing out explic- 
itly diag((T(/I))~^9p;T(pi)), one shows that 



((r(/i))-ia^T(/i))n = 



i (dj,Aii{n) Mi{p)dj,l{p)\ -4i2(/i)5/i-42i(M) 



Ai2ili)A2iiT^)iiilili)djiAii{Ji)+Aiiili)dplili))+2l{ri)djilili)) 



{{T{J,))-'dj,T{Jl))22 



{2il{p)An{Jl) + 2Pi]lW 
1 z'djiAiiiJl) Aii{Ji)djil{Ji)\ A2i{Jj.)djiAi2{Jj.) 



4V KJl) PiV) J {2il{Jl)AuiJl)+2PiJl)) 

Ai2{Ji)A2i{V^){mp)dT^Mi{V')+Aii{il)dj,l{]l))+2l{Ti)d^l{ri)) 



{2il{]l)Aii{Jl) + 2P{p)f 

now, using the fact that tr((T(pi))"^9^T(/i))=0, one arrives at Equation p.2ip . D 

Corollary 3.2.1. Let ^wkb(p') be given in Equation ()3.18p . with 1{J1) defined by Equation p.l9p 
and T{Ji) given in Equation p.20p . Then det(^wKB(M)) = 1- 

The domains in the complex /I-plane where Equation p. 181) gives the asymptotic approximation 
of solutions to Equation p.6p are defined in terms of the Stokes graph (see, for example, (SJIH]). The 
vertices of the Stokes graph are the singular points of Equation p.6p . that is, /i = and Ji = cx), 
and the turning points, which are the roots of the equation P{'jl) — Q. The edges of the Stokes graph 
are the Stokes curves, defined as Re(/~ /(^)df) = 0, where ptxp denotes a turning point. Canonical 
domains arc those domains in the complex /i-plane containing one, and only one, Stokes curve and 
bounded by two adjacent Stokes curves. Note that the restriction of any branch of l{Ji) to a canonical 
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domain is a single- valued function. In each canonical domain, for any choice of the branch of l(jl), 
there exists a fundamental solution of Equation (I3.6P which has asymptotics whose leading term is 
given by Equation (|3.18l) . From the definition of /(/I) given by Equation p.l9p . one arrives at 

lHp)^^i^{jl'-a'y {Jl' + 2a') + ^tl' (a-0+A2^/.o(r)) r-^^) , (3.23) 



where 

(e6)i/6 



>0. 



■ V2 

It follows from Equation (I3.23|) that there are six turning points: two turning points coalesce (as 
T— >-+oo) at Q; + C'(r^3 + 2 ), another pair coalesce at — a-|-0(r~3 + 2 )j and the remaining two turning 
points approach (as r— >+oo) ±i\/2 a+0{T^ 3+^^^ respectively. Denote by /ii the turning point in the 
first quadrant of the complex pt-plane which approaches a-|-C'(r~ 3 + 2 ), and by JI2 the pure imaginary 
turning point which approaches i^/2a+0{T~3+^y Denote by Si the part of the Stokes graph in the 
first quadrant of the complex /I-plane which consists of the vertices 0, 00, /Ii, and JI2, and the edges 
(-|-ioo, JI2), (0, Jli), (pt2, Jj'i), and (/ii, +00): the complete Stokes graph is the union of the mirror images 
of Si with respect to the real and imaginary axes in the complex /I-plane. 

Proposition 3.2.3. Let P{]T) be given in Equation (I3.23p . Then 



A* 



md^ - Tr{]l)-TApo) + 0{eiiJl)), (3.24) 



T— ^ + 00 
P.0 



where /ig S C \ (0 _i^s_{zta) U _2^5(±iv2a) U {0,oo}) and the path of integration lies in the 



T ^ 



corresponding^ canonical domain, 



2V3 VV 2; a^ J \\V3^e + 2a^ +^+2al U+c ' " 



ieOso{±iV2a), (3.26) 



a?^d £;(/i) ^^"(/x) — £'(/io), with 

' {ciiSo){hoiT))^+C2iSo))T-*/^ 

,^,. I {c3{6o){ho{r)y+c,{So))r-^/' 

{c5iSo)ihoiT))^+c,{So))T-^/\ C^OsoiO), 
^(c7(5o)(/io(r))^+C8(<5o))r-4/3, ^eOsoi^), 

where C]^{z), fc = 1, . . . , 8, are holomorphic functions of z in a neighborhood of z — with Cfc(O) 7^0, and 
5o>0 and sufficiently small. 

Proof. Recall the expression for P{J1) {=P{J1,t)) given in Equation (13. 23^ . Set 

4(Al):=/^(M,+oo)=4r'(M'-a')'(M' + 2«'). (3.27) 

Define 

""^^^^'■^ IUp) (/I^-a2)2(^2 + 2a2) ' ^'-'^^ 

Now, via conditions p.l2p . and writing 

Z(m) = /oo(m)(1 + A.(a2))^/' - loo{'fi)U + \^rm+0{{^r{V^)f)Y (3.29) 

T-S-+00 \ Z J 

^The same canonical domain to which /7o belongs. 
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one arrives at 



m ^ -(- -;) .^^^r^ I (W+/I-(a-^)K-/- , JjPikoirHJPia~^)rr-^f^' 



r^+- V mV (M2-a2)VM2 + 2a2 \^ (A22-a2)3(p^2 + 2a2)3/2 y 

(3.30) 
In order to obtain the leading term in Equation p.24p . one integrates the first two terms in Equa- 
tion p.30p . Analogously, integrating the error term in Equation p.30p . one finds an explicit expression 
for the function £;(/!): since this latter expression is quite cumbersome, only its asymptotics at the 
singular and turning points are presented in Equation (13.261) . D 

Corollary 3.2.2. SetJiQ^a+T-^^^A, where A=r^+oaO{T^), 0<(5<e<l/9. Then 

'Z(^)de = T,(/I) + T| + 0(£j(/I))+0(T-i-2(s-5))^(5^^-i+3e)^ ^331) 

'MO 

where TV(pt) and £; (/i) are defined in Provosition 13.2.51 

n ■■= T 3V3a2T2V3r-2/3A2-r-2/3 L-'^) In ((Vs ±l)ae''^=(±: 

anrf s(±) = (1=f1)/2, with the upper (resp., lower) signs taken if the positive (+) (resp., negative (— )) 
branch of the square-root function y^2_|_2Q;2 ig chosen. 

Proof. Substituting /ip as the argument of the functions TV(^) and o^iX) (cf- Equation p. 251) and 
the first line of Equation p.26p , respectively) and expanding with respect to (the small parameter) 
r~^/^A, one arrives at the following estimates: 

T,(/Jo) = r« + 0(T-iA3) and £j(/Io) - o{T-^'\c,{5o){h^{T)f + c2{5o))k-^) . 

where T| is defined by Equation (I3.32p . The inequality (5 < e < 1/9 (see conditions (I3.12p for the function 
hi^{T)) is introduced in order to guarantee that the last two error estimates in Equation p.3ip are 
decaying after multiplication by the large parameter r^/'^ (cf. Equation (|3.18I) V D 

Proposition 3.2.4. Let T{'fi) he given in Equation p.20p . with A{}i) defined by Equation p.7p . and 
I'^iJi) given in Equation p.23p . Then 

'^diag{{T{0)-'d^T{0)d( - (Z,(a2) + 0(£t(m)))^3, (3.33) 

where /Iq € C \ (0 _i+i.(±a) U _2^5(±i\/2a) U {0, cx)}) and the path of integration lies in the 
corresponding canonical domain, 

Ir{'ii)='^ir{Fr(jr)-Fr{m)), (3.34) 

81 

with 

P.:=4T(2(l + .o(r)) + ^-^±^), (3.35) 



^^(^)^ 1 l,frv5vl^T2^-?+2.ve-«^^ , 



V3 \\V2,^e + ^ + £, + 2a)\^+aJ ) ^32 + (fo(T)-4) 



arctanh i^^^^ - arctanh i^^ 



arctanh ( Si-^+Mr))e+a\-2 + Mr)r + 12aA\ 
[ a2fo(r)V32 + (fo(r)-4)2 ii' 
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and £T{f^)=ST(l^)~^T(l^o), where 

r-^/-Mn(^Ta) , ("°(^)+ ''°'l"!toV^)'"' )(g2(r)+fto(r)) 

(l + lio(T))(Cl(T)+fo(T))+ ro(T)(jTa)^T2/3 

/3 , (flo(r)+ "°';^to*(y"' )(C3(r)+/to(r)) 



ICTa|<r-^+^i<|fo(r) 
fo(r)^6, eeO,„(±iy2a), 



£^(^) := .( (l+«o(r))ro(T) -r (C4(T)+fo(r))(5TiV2a)l/"^=/' 



mt/0Q(T)=r^+ocO(l), J = l,...,10. 



(3.37) 



Proof. From Equation p.7p and Equations p.27p - p.29p . one shows that, via Equation (I3.10p (cf. 
Equation f^TTH ). 



where 



2imAii{0 + 2fiO - V^iO+Vi{OAriO + 0{r'loo{Oro{r)iArm' 



a^( -2+fo(r)) 



7^00(0 := 2/^ (0 + 2^00(0 2e+ 



7'i(0:-2/4,(0 + /oo(0 2^+ 



a^( ^2 + fo(T)) 



and, via Equations dSj]), ([3TT|) . and ((3J4)) (cf. Equation (|33T|) ). 

2ia''fo(T)p^ 



A2 (05^-421 (0 - -421 (e)a«A2 (C) 



T— >- + C>0 



e^ 



-O 



-2/3 



^3(1+^o(t)) 



(3.38) 

(3.39) 
(3.40) 

(3.41) 



where pr is defined by Equation (|3.35p . Substituting Equations p.38p and (I3.4ip into Equation p.2ip 
and expanding (2iZ(^)^ii(^) + 2/^(^))^^ into a series of powers of A^(^), one arrives at 

•'Un 



where 



and 



IrifJ-) -.^ -ia^fQ{T)pr 



uo e^^oo(e) 



--2/3 



d?, 



1 






de 



Via Equation p.27p . it follows from Equation p. 391) that 

1 m^e + 2a'h2+foiT)))-4{e-a')ie + 2a')'^') 

writing the factorization 



(3.42) 
(3.43) 

(3.44) 



16a2(-2+fo(T))U^ + - 



ea^ 



(-2+ro(r)) 
= 16a^{-2+fo{r)){e+z+){e + Z-), 



-2+Mt) 



2a^ 



(-2+fo(r)) 



where 



z±:= 



2(-2+fo(T)) 



3+l^^±^] T^V32 + (fo(r)-4)0 , 



(3.45) 



^"In case fo(T)— ^-G, the factor (5=pi\/2a)^' ^ which appears in the second Une of Equation 113.371 1 should be changed 
to ^=Fi\/2Q!. 
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one shows that, for z^^z^, 



32(-2+fo(T)) 14 (^2_^2)(^2 + 2a2)(e2+i+)(e2 + z_) 



- 4 r ,,2^. ,L^. , de ) . (3.46) 

Write the partial fraction decomposition 

^^4e + 2a\-2+fo{T))) _Ao{t) Bo{t) C„(t)^+Do{t) Eo{t)^+Fo{t) 

, Go(r)^+i/o(r) 



e^ + z. 



(3.47) 



to determine Ao{t), . . . ,Ho{t), one notes that the left-hand side of Equation p.47p is symmetric 
{£,^—(,), whence it follows that 

Ao{t)^-Bo{t), Co(t)=^o(t)-Go(t)=0, (3.48) 

and to determine the remaining coefficients, that is, Ao{t), Dq{t), Fq{t), and Ho{t), one compares 
residues (at ^ = a, ^^ = — 2a^, and C^ = — z±) on the left- and right-hand sides of Equation (13. 47^ and 
uses the relations (cf. Equation p.45p ) 

z+ + z- = - — - — , 3+ I ) and £+£_ = — - 



(-2 + fo(T)) y \ 2 J J ^ (-2 + ro(T)) 

to show that 

. , , aroir) 4(-2+fo(T)) 'ia^roiT)-2W 8(-2+fo(T)) 

Ao{t)= „ „ = — o '^' r \ — ' ^o[T)- - 



3(a2-t-z+)(a2 + i_) 3a3fo(T) ' "' ' 3(-2a2 + z_)(-2a2 + i+) 3a2(6-fo(T)) ' 

p. ^ 2a2i^(-2 + fo(r))-4(z+)2 4(z_)2-2a2g_(-2+ro(r)) 

°^ ^ (a2 + z+)(-2a2 + z+)(z+-z_)' °^ ' {a^^zJ){-2(x^^Z-){z+-zJ) 

pM,H(r)- 16(-2+fo(r)) 
a^ro(r)(6-ro(r)) 

(3.49) 
(Note: it is the quantity Fo{t) + Ho{t), and not Fq{t) and Hq{t) individually, that is requisite for 
the ensuing calculation.) Substituting Equations p.49p . p.48p . and (|3.47p into Equation p.46p . one 
arrives at, after an integration argument and neglecting ^-independent terms (that is, with abuse of 
nomenclature, "constants of integration"), 

32(-2 + ro(T)) \ V a2ro(T)(ro(r)-6)/ 



«(-2+^°(-)) ln(^/eT^-0 + ^/3aAo(.)ln^'^^^^'+^-^+2«Ue-« 



a2ro(T)(fo(T)-6) \\V3^/e + 2a^+C+2aJ\^ 

: arctanh 



16(-2+fo(r)) / ^ , /8(-2 + fo(T))e2+a2(_2+fo(T))2 + 12a2 



v2 



fo(T)v/32 + (ro(T)-4)2\^ \^ a2^o(r)^32 + (fo(T)-4)2 



arctanh 



iv^^^ -arctanh i^^ 



Ve(^o(r) + v/32 + (ro(r)-4)2); V^(^oM- v/32 + (ro(r)-4)2)^ 

From Equations p.49p . one notes that 

2aAo(r)+i.o(r) + ^?t:^t^ = 0; 
a^7-o(T)(r-o(T)-6) 



MO 

(3.50) 
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whence (cf. Equation (|3.50l) ) 

(2aMr) + Doir)+ l^:]-^'f\^\, ) HVeT^ H)- .'^7^:°/?^,, H^W^^ ^0 
\ a^ro(T)[ro[T)-b)J a^ro[T){ro{T)-6) 

8(-2+fo(r)) 2^ 

which is a ^-independent term (a "constant of integration" ) : neglecting this term, one arrives at (after 
simphfication) Equations p.34l) - p.36p . 

One now studies the error term 0{£T(fi.)) defined by Equation p.43p . Recall the expression for 
{£.^'Poo{0)~^ given in Equation (13.44^ : from this latter expression, and those for A^(^) (cf. Equa- 
tion dniMl)) and ViiO (cf. Equation ^^), one shows that 

7^i(OA.(0 _ e^(feo(r)+e^(a-i))(2g/^(g) + 2e^ + a^(-2+fo(r)))r-^/3 

C^(7'oo(0)' 8(e2-a2)3(^2 + 2a2)3/2(^^^(^) + 2e2 + a2(^2+fo(r)))2 " ^ ' > 

Using Equation (13.511) . one evaluates the first integral in Equation (13.43^ explicitly (as done above, 
for the second integral in Equation p.43|) ): the resulting expression for £t{]j-) is quite cumbersome; 
therefore, only its asymptotics at the singular and turning points are defined by Equation p.37p . D 

Corollary 3.2.3. Let JIq be defined as in Corollary \'S. 2. 21 that is, 'ilo = a + T^^'^A, where A=t^^^ 
0{t'^), and 6, Si be defined in conditions p.l2p . Then, for 0<d <e <l/9 and e <6i<l/S, 

rdiag((T(e))-iaeT(e))de = (^iFAJi)-Fl) + Oi£Ut^))+Oir-^^^-'^) + Oir--^+^+'))a,, 

JjIq r^+oc V8l / 

(3.52) 
where p^, FriJi), and £j,{jl) are defined by Equations p.35p . p.36p . and p.37p . respectively, and 

H ^ 1 W-^ 2 ( fo(T)+4+V32 + (fo(r)-4)2 ^^ 



V3 V32 + (fo(r)-4)2 \^-fo(T)-4-|- V32 + (fo(r)-4)2^ 

fo(r)-f4V3-V32 + (fo(T)-4)2\ 



^ V32 + (fo(T)-4)2 ''VV^o(T)+4V3+v/32 + (fo(T)-4) 



2 



fo(r)-4V3+V32 + (^o(r)-4)2^^ 1 / 1^^^^^^^ (3.53) 



\^fo(T)-4V3-v/32 + (fo(r)-4)2yy ^3 V 3 

wzi/i i/ie upper (resp., lower) signs taken if the positive {+) (resp., negative (— )) branch of the square- 
root function ^ ^ -\-2cP- is chosen. 

Proof. Substituting /lo as the argument of the functions Ft{0 ^^^ ^riO (^f- Equation p.36p and 
the first line of Equation p.37p , respectively) and expanding with respect to (the small parameter) 
7--i/3^^ one arrives at the following estimates: 



-1/3 

r— ^+oo 

and 






^h,~, _ ,V r-V^lnr ^ ^ ^^f {2Mr) + hMr)){C2{r) + ho{r)) \ 

^^^^°^^-+^^l,(l + ^o(.))(Ci(r)+fo(r))j+^l^ f.irW ) ' 

where fJ- is defined by Equation p. 531) . and Cj{T)—r^+ooO{l), j — 1,2. Demanding that the above 
error estimates are decaying, and using the definition of the parameters 6, 6i given in conditions p.l2p 
for the functions rg^r), iio{t), and /io(t), one arrives at the inequalities stated in the Corollary. D 

Corollary 3.2.4. Under the conditions of Corollary VS. 2. 21 for the branch of l{^) that is positive for 
large and small positive S,, 

-ir^/s r;(^)d^ ^^=^ ^i(r^^^Jl^+(a-^^\nJl\+\T^/^3{V3-l)a^ + i2V3A^ 
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a-l-)+^)(llnT-\nA)+CZ'''' + 0{r-'^^-'^) 



2^3 VV 2; a2 y\^3 



and 



^- -^(^-2JM^"^^ -^u-2J+i^jn(7fTT)^)' ^^-^^^ 






^° Ro(/I)^+0 



X Qlnr-lnA')+Co^^^ + 0(r-2(^-*'')+0(T-H3^), 



(3.56) 



wher 



c™:.-i ( .-i) i„ :^ ._ ((„4).Mi) , ,.,3..-.., ,,„, 



Proof. Follows from Corollary I3.2.2[ Equation p.3ip , by choosing the corresponding branches in 
Equations p. 251) and (|3.32l) and taking the limits Re(pt) -> +cx) and Re(/x) ^- +0: the error estimate 
O(£5(0) in Equation ((33T|l is defined by Equation ([S^M)) . D 

Corollary 3.2.5. Under the conditions of Corollary \3. 2. 3\ for the branch of 1{S,) that is positive for 
large and small positive ^, 



A» 



diag((T(0)-^a,r(0)d^ _=^ (- ^'' + ^'^"^''^' (-^lnr+lnA)+ZL(r) 



'^° Rc(/I)-^+oo 



+ 0(r-i+2*) + 0(r-3+^+'5))^3^ (3.58) 



where 



^j . . .^l^^Y/ >^o(r)+4x/3~V32 + (fo(T)-4)2 \ / fo(r)-4V3 + V32+(fo(T)-4)2 ' 
°° ■ 4 'HUo(T) + 4V3+v/32 + (fo(T)-4)2] I ro(T)-4V3 - V32+(ro(r)-4)2 



V32 + (.o(.)-4)2^ / 60 )_IUM:))_-^,,,J_1^ (3.59) 

8V3 V(V3+l)2y 2 \fo{r)J 4 4' ^ ^ 



/;diag((T(0)-a,T(0)d^ ^^=;^ l^^±^^E^[-llnr+lnAy4^ 



'"" Ro(pi)^+0 



wher 



+ 0{fo{T)Ji) + 0{r^-^^' lnr) + 0(r-2(^-*)) 

+ 0(T-i+2*)+0(T-3+^+A')+o(r-3+5-*i)^a3, (3.60) 



^i, , 1 //^fo(T)+4V3-V32TM^F4FV^o(T)-4V3+V32TM^F4p 



4 V\^o(r)+4V3+V32 + (ro(T)-4)2 / Vro(T)-4V3 - V32+(ro(T)-4)2 



V32 + (.o(r)-4)2^^^3^^_^ l^/^\ S^^^^^i.^ ^3_^^^ 



8^3 ' ' 2 V''o(r); 4 4 
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Proof. Taking the limit Re(/i)— t^+oo in Equation p.52p . with FriO ^^'^ ^t(0 defined by Equa- 
tions (I3.36|) and (j3.37p . respectively, and using conditions (j3.12p . one arrives at 



,~. ^ 1 ^ f ^-M 2 ^ // fo(r)-4+V32+(fo(r)-1F 



X ^Mlhi±^^^ U007-), (3.62) 

I fo(r)+4+v/32 + (fo(T)-4)2 i i 



and 



4(m) = 0(r-2^i)+0(r-i+2^). (3.63) 

r— ^+oo 
Rc(/j^)— J-+00 



One now computes asymptotics of pr (cf. Equation (|3.35D V Using conditions (I3.12p and Equation 
(|3.16p , one shows that 

^^ = ^°^"^^V'"^'^^ +2(l+-o(^))-4+C^(r--/->^g(r)), (3.64) 

L + Uq[t) T-i.+oo 4 



where 



"SM-^i ""M + OT ' '"'^' 



whence, substituting Equation p.64p into Equation (I3.35p . one obtains 

P. =, 4- (4^o(r) + Ml)(ip^ + (,(.-/3^g(,))y (3.66) 

r^+oo ro(T) V 4 / 

Solving Equation p.l6p for uo{t) and taking into account conditions p.l2p . one deduces that 

16uo(r) ^^=^ -ro(r)(4-fo(r))+fo(r)V32 + (fo(r)-4)2 (^l + O (^I^!^Mf)^^ . (3.67) 

Now, substituting Equation p.67p into Equation p.66p . one arrives at 

P. .^= ^ V32 + (^o(r)-4)^ {l+O (^9^) ) ■ ^'-''^ 

Substituting the expansions p.62p . (I3.63p . and p.68p into Equation (|3.52l) (with the upper signs in 
the formula for f| taken (cf. Equation (j333]))), and taking into account conditions (|3.12l) . one shows 
that 



diag((r(0)"'9cT(0)de = (Icc^(t)+0(t^-25i inr) + 0(T-2(--^)) + 0(r-H-+*) 

oo 

+ 0(r-i+2*) + 0(fo(T)r'))^3, (3.69) 



Rc(/.t)-^ + c 



where 

v/32 + (fo(T)-4)2 / 1 , ^1 . 1 ^^ , ^ .„ -.. 

Ioo[T)^ — ^= ( --lnT+lnA)+Xoo(r), (3.70) 

with 



^ v/32 + (fo(r)~4)2 f 6a \ 1, /^ fo(r) -4+^32 + (fo(r) -4)2 



8n/3 V(V3+1)2; 4 \^fo(r)-4-V32 + (fo(T)-4)2y 

l^^Y/ ^o(r)+4^/3-V32 + (fo(T)-4)2 \ / fo(r)-4v/3+732TM^F4F \\ 
4 ''lUo(r)+4V3+v/32 + (fo(T)-4)2 i I fo(r)-4V3 - V32 + (ro(r)-4)2 i i " 
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Taking the limit Re(/I) -> +0 in Equation (153^ . with FriO and £^(^) defined by Equations ([g:^ 
and p.37p . respectively, and using conditions p.l2p . one obtains 



/, .~^ ^ 2 ^^/ fo(r)y32T(fo(r)-4)^+((fo(r))^-4fo(r) + 16) \ 

R^y^tr+o V32 + (ro(r)-4)2 l^fo(r) V32 + (fo(r)-4)2 -((fo(r))2-4fo(T) + 16)y 

+ -^ln(e-) + 0(/I), (3.72) 

and 

4(/^) = O(r-2^i)+0(^"^+'^), (3-73) 

r— >+oo 
Ro(/:)^+0 



whence, substituting the expansions p. 721) . (I3.73p . and (I3.68P into Equation p. 521) (with the lower 
signs in the formula for fJ- taken (cf. Equation (13.53^ )). and taking into account conditions (|3.12p . 
one arrives at 



d 

+ 



iag{{T{Or'd^T{0)d^ = flo(r) + 0(r*-'*^ lnr) + 0(r-2(^-«))+0(r-i+=-+^) 

r— >+oo V 
1-0 

+ 0{T-i+^') + 0{fo{r)li))<J3, (3.74) 



where 



V32+(fo(T)-4)2 ^ 1, ^1 ,l^^.^ .„„,, 

Zo(t) = — ^= I --lnT+lnA)+Io(T), (3.75) 



with 



^ v/32 + (fo(r)-4)2 ^ _. 1 /^ ro(r)+4+v/32 + (fo(T)-4)2 

Io(''') := — ^^ -F= ln(3ae ) — -In' 



8\/3 4 \^-fo(T)-4+^32 + (fo(T)-4)2y 

lj^//^ro(r)+4y3-V32 + (ro(T)-4)2^ /^fo(T)-4V3 + V32+(ro(T)-4)2 



4"'V\ fo(r) + 4V3+V32 + (ro(T)-4)2 / \ fo(r)-4^/3 - V32+(fo(r)-4)2 



1^^ / ^o(r)V32 + (fo(T)-4)2+((fo(T))2-4fo(T) + 16) \ 
4 ''lvro(r)v/32 + (fo(r)-4)2-((fo(T))2-4fo(T) + 16)y ' 

One now simplifies Equations (|3.7ip and p.76p : in order to do so, however, several estimates are 
necessary. Rewrite Equation p.l6p as follows: 

1 + uo(t) 2(l + uo(r)) 8 8a^ ' ^ ' ^ 

Via Equations p.35p and p. 681) . using Equation p.77p to eliminate {iio{t))'^, and taking into account 
conditions p.l2p . one arrives at, after simplification, 

fo(r)V32 + (fo(r)-4)2-((fo(r))2-4fo(r) + 16) = 8(-2+ro(r)) / ^^ |^, 

T->+oo l+lio(T) V 

+ 0(t-*+^-^i)) ■ (3-78) 

The estimates p.79p - p.83p below are derived analogously: 

fo(T)v/32 + (fo(T)-4)2+((fo(T))2-4fo(r) + 16) - 16(l + fio(r))(l + 0(r-i+^) 

+ C'(t-^+'^'-*'0) , (3-79) 



fo(r)+4+V32 + (fo(r)-4)2 = 2fo(r)a + ao(r)) (i + 0(r-i-^) + 0(r^-^^^)) , (3.80) 
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fo(r)+4-V32 + (ro(r)-4)^ = 8^^o(r)(-2+yr)) f,^oir-i-s^ + Oir^^^^^)) , (3.81) 

ro(T)-4+v/32 + (fo(T)-4)2 ^ i?!^(i + 0(r-f-*) + 0(r*-2^i)) , (3.82) 

T^+oo ro[T) V / 

ro(r)-4-\/32 + (fo(T)-4)2 ^ _5^(l + 0(r-t-^) + 0(r^-2*i)) . (3.83) 

Substituting the estimates p.82p and p.83p into Equation p.7ip . one proves that 

Z^(t) ^ ll{T)+0{T-i-')+0{T'-^'^), (3.84) 

where TI^{t) is defined by Equation p.59p . and, substituting the estimates p.78p - p.8ip into Equa- 
tion (|3.76p . one proves that 

Xo(t) = 4{T)+0{T-i+^) + 0{T-^+^-^')+0{T^-^^'), (3.85) 

where Iq{t) is defined by Equation (|3.6ip . Hence, via expansions (I3.84p and (|3.85p . and Equations 
p.69p . (I3.70p . p.74p . and p. 751) . one obtains the resuhs stated in the Proposition. D 

Proposition 3.2.5. Let T{J1) be given in Equation p.20p . with A{]1) defined by Equation p.7p . and 
1{Jl) given in Equation p. 231) with the branches defined as in Corollarv \'i.2A\ Then 

1 u J I ( -2a^{l+uo[T))\ 

RcI^i+00 V ^ V 8"^(l+«o(r)) / 

+ o(Ml)Mll)!±f^)), (3.86) 

and 

Till) = ^fj(iLv^"'"7ri iv. M+^o(-)) A -1 

+ 0(A22(c3(T)(fo(T))'+C4(T)«o(r) + C5(T)))V (3.87) 

where c.j{t) ^r ^+00 0{l), j = l, ... ,5. 

Proof. Here, the proof of estimate (I3.86P is presented: the estimate p. 871) is proven analogously. 
Via Equations p. 101) . p. lip , and p.l4p . and conditions p. 121) . one shows that 

m = 2/7+ifa-i)r-V3 + o(r^)^ 

r->+oo ^ \^ 2/ 

Rc(/i)^- + oo 



/ Vz^MEil\ 1 

i(^(A2)-i/(A2)a3)a3 = 41^1+ " W) +^ (-2+fo(r))a2 

« T^^"" V -2ic^ t) /A* 



-.fi 



°-5)-"tv 4) f )+°'^""' 



1 1 /. 1 /. . . . .. o . / i 



, ,. , 1--^ ( (-2 + fo(T))a2+3 a- ^-^/s 

^2im{A,,{j,)~im) 1,^-+-^ 4m V 8m^ ' ^ ^ '^ ' 



^,-(Ci(r)(fo(r))2 + C2(r)) 



^4 



where Cj{t) =r^+oo C(l)i i = IjS; hence, via Equation p.20p and conditions p.l2p . one arrives at 
the estimate p.86p . D 
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Proposition 3.2.6. Let T{'fi) he given in Equation p. 201) . with A{Ji) defined by Equation (j3.7|) . and 
l^ijl) given in Equation (J3.23I) . Under the conditions of Corollary VS. 2. 'S\ 



r— ^+oo 



X T-^/^A+0{r^^-'^')+0{T-'-'^') + 0{T^'-^^')] , (3.88) 



J. p. ^ 8a4uo(T)rVg / _ /io(r) (a-J) / 1 / 4-fo(r)+4V3 1^ ?' 

'''' ^=^" 5(r)^8V3afo(r).nA V 48^^^^ 48A^ 1^2a 1^ fo(r) 6^ 



r— ^+oc 

2 



aMo(T) 



^-i/3A+0(r2*'-4^) + 0(r-^-^i) ) , (3.89) 



y ^ b{r)r^/^ / fo(r) + 2uo(r)-a-2(a-i)r-2/n / feo(r) (a-j) 

''^AtSo 2a2^8V3afo(r)n7A V ! + "«(") /V 48^2 A2 48A2 

l_ U-fo{T)+4V3m 7\ 4 / fo(T) + 2ao(T)-a-2(o-i)T-2/3 \ "'^. ^_^/3~ 
2a 1^ Mt) ^J ^\ l + Mr) J 

+ 0{t^^-'^')+0{t-'-^')] , (3.90) 



wher 



J+1, arg(A)=0, 
-1, arg(A) = 7r. 



Proof. Using the definition oi A{ii) (cf. Equation p.?!) *). together with Equations (I3.10p . p. 111) , 
and p.l4p . and conditions (I3.12p and those in Coroharv 13.2.31 one derives the following expansions: 

1 _ ri/6 f^ hoir) (a-i) 1 /^4-fo(r)+4V3 tn 



^2il{Jl)iAn{]l)-im) AtSo v/8V3afo(r).nA V 48a2A2 48A2 2a ^ Mr) 



., ,~. ,,~. w n/-, /4-fo(T) + 4V3n7 AVSzu f hoir) ia--h)\\ i/,t 
iAii{n) + l{n) = aro T 1+ ^ / , , + : , , "^^ + ' JM T-^/^A 

/-2 + fo(r)-i|...\ ^^ / -l/3(;,^(^))2\ \ 



T-2/3A2+0 



y a^foir) J y ro(T)A3 J J 

-iAMfi) = 77^f-8a4Mo(r)-16a3T-i/3A+24aV-2/3A2 + 0(r-iA3)) 



fj.=fia 6(t) 



'^'^^^"^ ,r,„ ^^"M-2a2(l + uo(r))-^+2a4(i+^„(,))+^- '^"^^ '^ 



r— >-+oo 



+ 0(t-ia3)) 



According to the choice of the branch of l{£,) in Corollary 13. 2. 4[ ^(^) > for positive ^ outside the 
neighborhood of ^ = a containing the double-turning points; therefore, one arrives at the definition of 
va stated in the Proposition. The asymptotics p.88p - p.90p are obtained by substituting the above 
expansions into Equations p.22p . D 
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3.3 The Model Problem and Asymptotics Near the Turning Points 

For the calculation of the monodromy data, one needs an approximation that is more accurate than 
that given by the WKB formula (cf. Equation p.l8|) ) for the solution of Equation (13. 6p in proper 
neighborhoods of the turning points. There are two simple turning points approaching ±iv2a: the 
approximate solution of Equation (J3.6I) in neighborhoods of these turning points is given in terms of 
Airy functions. There are also two pairs of turning points, one pair coalescing at —a and another 
pair coalescing at +a (double-turning points): it is well known that, in neighborhoods of ia, the 
approximate solution of Equation (|3.6p is expressed in terms of parabolic-cylinder functions (see, for 
example, [8", l9l). In order to obtain asymptotics of u(r), and the associated functions H{t) and /(r), 
it is sufficient to study a subset of the complete set of the monodromy data, which can be calculated 
via the approximation of the general solution of Equation p.6p in a neighborhood of the double- 
turning point +a. For the asymptotic conditions p.l2p on the functions '^o(''")i ii-o{T): and ho{T)^ this 
approximation is not straightforward, and is given in Lemma 13.3.11 below. 

Lemma 3.3.1. Lefjl^a+T^^^^K, where A=r^+ooO{T^), 0<e<l/9, and 

where pr is defined by Equation p.35|) . In conjunction with Equations p.9p - p.lip and p.l3p . and 
conditions (I3.12p . impose the followinq restrictions: 

< Rc(iy+1) < 1, Im(i^ + 1) = 0(1), (3.92) 

0<6<e<-, 6e + 2eRe{i^+l) + -<Si<-. (3.93) 

9 2 3 



Then there exists a fundamental solution of Equation ()3.6p with asymptotic representation 

$(M,r) ^^=^ J-,(A)(l+o(T6"+2^^°(''+i)+i-*'i))7/;o(A), (3.94) 

where 



/h(r)^3<o(r) 







•^t(A):- : /TTZT/'^i. /^wi/6_i^-i/6. t:\ : r-TZ^ . /U7^^'i/e ' (3.95) 



i^/b(7) {afo{r)r^^'^'~i'r^^^''^T^) i^ >!o{t) y/b(7) t'^^ 



Xq{t) is defined by Equation p.65p . 



-2/3^„2(r)(0(l) + (fo(r))2) 



4 = -p. + v/p?-ro(r)(8-fo(r)) = i^ + Oi- -o w ny -^v -H- .. . , 

r^+oo \^ (?^0(t))^ J 

with 

£?°:=:-p^ + i4V3, (3.97) 



and ^o(A) is a fundamental solution of 

dA 

where 



(i4\/3Aa3+g(r)a_+p(T)a+)^o(A), (3.98) 



i / ..2._^ , /,oo , 4(a-i)Mo(T) 



p(r) = -i>.o(r), g(r) = — >.o^(r)+^--f i^ / ' ^^'^^^ 

Xq[T) y 1+Uq{t) J 

The function V'o(A) can be explicitly presented in the following form: 

I fj, / i?-i-.(ieT23/23i/4A) i^. (eT 23/231/4 A) \ 
^°^^^-|^9;^i?_i_.(iex23/23V4A) axi?.(e^23/23V4A)j ' (^'^"O) 

where £**(•) *s the parabolic- cylinder function [11^, anrf 9^ := (p(t))^1(-^ — i4v3 A). 
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Proof. The derivation of approximation (|3.94l) consists of the following sequence of invertible linear 
transformations, Fj : SL2(C)— >SL2(C), j ~l, . . . ,7: 

(i) Fi:^{Ji)i^<i>{A):^^{a + T-^/^A), 

(ii) i^2: *(A)^->$(A):=(6(T))^'^^$(A), 

(iii) i^3:$(A).-></>(A):=(AA(r))-i$(A), 

(iv) F4: 0(A)h^$(A):=r-s'^-'(/)(A), 

(v) F,:^A)^m:^[jy^)^A)^ 

(vi) i^6:0(A)^V(A):=(e(T))-i?(A), 

(vii) Ft. V'(A)^^o(A):=(xo(A))-V(A), 



where the unimodular, matrix-valued functions A/'(t), G{t), and xo(A), respectively, are described in 
steps (iii), (vi), and (vii) below. 

(i) Let ^(/i) solve Equation (13.61) . Then applying the transformation Fi, using Equations p.lOp . 
(|3.1ip . and (|3.14p . and conditions (|3.12p . one shows that 



OA 
where 

with 



^*^^^ - f(Ti/3g^+r-i/3g_)+AQi+T-i/3A2Q2 + 0(r-2/3A3Q3)U(A), (3.101) 

T-s-l-00 V / 



/ -iafo(r) -8ia%o(T)\ . ( 0^ 

V 2a^(l+«o(r)) la'^OlTj J ^ 2a4(l+«o(r)) "y 

i(-4 + fo(r)) -16ia3 \ ^ _ ^_ i(-2+^fo(r)) 24.^2 
-i(-4 + fo(r)); ' 



^l--' ^ -ir-4 + fnM J ' ^2:- I sT i(-2+fo(r)) 



7^3:= 



O(l) + O(fo(r)) Oil) 

Oil) O(l) + O(fo(r)) 



Note that tr(Q±)=tr(75±)=tr(Qj)=tr('Pj)=0, j = l,2,3; furthermore. Equation ((3?77|) implies 

\2 f.^l-^\,',^(^\ /-^f^\\2' 



detir+) = -Sa 



2f iMr))^ , foir)uoir) ifoir))^ \ 2/x -2/3 .0 ^n9^ 

\1+uo(t) 2(1+uo(t)) 8 / 



where x^ir) is defined by Equation p.65p . 

(ii) Let $(A) solve Equation p. 1011) . Then applying the transformation F2, one obtains 



0$(A) 
9A 



= (iT^^^V++T-^^^V-)+AVi+T-^^^A^V2+OiT-^^^A^V3)) $(A). (3.103) 

r— >+oo V / 



(iii) The idea behind the following transformation for Equation p.l03p is to put the matrix "P^ 
into Jordan canonical form, that is, to find a function A/'(t) such that 

(AA(T))-i7^+AA(r) = i^o(r)T-i/3a3 + (T+. 

The following solution for A/'(r) is chosen: 



y/Sia'^uoiT) 

7V(t)=| i(afo(r) + >co(T)T-i/3) 1 



^-8iQ*«o(T) y^-Siai-uaiT)^ 
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Let $(A) solve Equation (|3.103p . Then applying the transformation F3, using Equations p.lOp 
and (|XTT|) . conditions (|XT^ . and Equations (|?777)) . ((XB5|) . and (|3.102l) . one shows that 



(90(A) 



r— i.+oo V / 



9A 

(3.104) 

where T^i :=(AA(r))-ip±AA(T), p| :=(A/'(T))-ipjAA(r), j = l,2, with 

■ni ■ ^ \ -1/3 , -ntt 4(a-^)uo(r) 

(1+Uo(t)) 



T— ^-j-CXD 



auo(T) Vfo(T)Mo(T)/ V fair) 

{VD,,^^ {VlU = -2i>.o(r)p.r-V3+0(' "o(:)"^'^' V0(^g(,)^-V3)^ 

l-Dh - CDh - i(6 + (-2 + ro(r))(3 + uo(T))) 3ixo(T)T-V3 _ 3 

I' 2Jll-~l' 2J22- „„-, t^-^ „2„-, ^,N ' I' 2 J 12- JT 



fo(r)(8-fo(r))-^^(6+(-2+fo(r))(3+^o(r)))r-V3 






where p,- is defined by Equation (|3.35l) . 

(iv) Let (/'(A) solve Equation p. 1041) . Then applying the transformation i^4, one proves that 



5£(A) _ // yMr) 1 Va/" P- 

dl r-.-+^ U- '^i+Sy^ -i>.o(r)J+''lv-2i-o(r)p. -p. 



where, with the help of conditions p.l2p . 

^ /of^Wofi£l(l)ll^) 0((«o(t))-1) 

^^+°° I o(^)+o(x2(t)) 0(^)+0( "°^(": /; 

\ \ua{T) J ^ "^ '-' \uo{t) J \ ro{T)uo{T) 

r,f O(l) + O(fo(r)) O(r-V3(^o(^))-1) 

'O(><o(r))+O(><o(r)fo(r)) 0(1) + 0(fo(T)) 

0(t-1/3) + 0(^-l/3^^(^)) 0(^-2/3(^^(^))-l) 

O(fo(r)) + 0((fo(T))2) 0(r-V3) _^ 0(^-i/3^^(^)) 
^(^SrSr) + ^(^') + ^(^'^o(r)) 0(A(^o(r))-i) 

(3.106) 

(v) One now proceeds to eliminate the A^ term in Equation p.lOSp . Applying the transformation 
F5, with a T-dependent parameter £t, one obtains 

^0(A) _ (( i^oM 1 Vt/ Pr+4 

dA ^^00 1^1^^4- ^(-|)^(-) -i>.o(r)j+''l,-2i>.o(r)(i?.+p.) -(p.+£.), 

+ A^ (-,Vr)(8-fo(r))-2p.4-£^ ;;)+0(r-V3^^(A)))^(A), (3.IO7) 

where 
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One now chooses £t so that the quadratic term in Equation (j3.107p is annihilated: 

£l + 2prir+ro{T){S^ro{T))=0; 

thus, 

ir = -pr + VPr-ro{r)(.8-roir))- (3.109) 

A straightforward calculation shows that (cf. Equation (|3.68p ) 



p^-fo(T)(8-fo(T)) - -48+0 



r~y'^^,{r)iOil) + iroir)?) 



hence, making the choice V— T=i, 

^ V-^/^x§(r)(0(l) + (fo(r))^) 

r^+oo "^ ' y (?^o(t)) 



ir_=^j?+o{ - — "' !r:^{,'"' " ' ] , (3.110) 



where l"^ is defined by Equation ([XFT)) . Now, with the help of Equations p. 1061) . p.lOSp . and p. 1101) . 
and conditions (|3.12l) . one re- writes Equation (|3.107p as 

^^ ^ '' ^^aSr -i-o(r)j+H8V3.o(r) -MVsJ +^^^^(^» j ^(^)' 

(3.111) 



dA --+- \\-^?°-^+s^ 



where 



with 



-*K!i;a!!;: !i:!x!!:: • 



(^.(A))n=-(^.(A))2, = o(^^I_!^!^')+o(Ar-V3 2(^)\ 

r^+oo \^ (»-o(t))-^ y V / 



(S,(A))i2 = O 



uo(t) 
'Ar-i/3\ 



+00 \^ lio(r) J ' 

.o(^i:^^V^(^'--"'-°w)^"f ''";T,1'^' ) 

y wo(t) y V / y ?^o(T)uo(r) y 

+ o(A3r-i/3(fo(r))2)+o(AV-i/3C)+o(AV-i/3£?°fo(T)) 

[ Mr) J- 
(vi) One now proceeds to diagonalize the A term in Equation p.llip . Set 

g(r):.e-^V^^(i(-«(;))"^ j) . (3.113) 

Then applying the transformation Fq, one shows that 

^^ = (So(A)+i?o(A))v(A), (3.114) 

oA ^ ' 
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where 

So(A):=i4V3Acr3 + 5'(T)cr_+p(r)CT+, (3.115) 

with p{t) , ^(t) given in Equations p.99p , and 

i?o(A) := o({g{T))-^Er{A)g{T)), (3.116) 

where £'r(A) is defined by Equation p.ll2p . 

(vii) Let ■(/'o(A) be a fundamental solution of "^ ' = Bo (A) "00 (A), which coincides with Equa- 
tion p.98p . Changing variables in Equation (|3.98p according to ^{x) ■.— iIjo{A), where A = xoa;, with 
xo=c^^2^'^/^3^^/*, one proves that V^x) solves the standard equation 

d^V{x)=(^^a3 + q*iT)a-+p*{T)a+)v{x), 

where p*{t) :=xop{t) and q*{T) ■.—XQq{T), with fundamental solution given in terms of the parabolic- 
cylinder function, £>*(•) (see, for example, pilSlIT^): 

where I),(z) :=(p*(r))-i(9^L',(z)-|D,(z)), and 

,1 *t \ *( \ ^ /^ 2/ ^ , /,oc , 4(a-f)Mo(T) ^ /Q110N 

.+l:=-p (r), (r) = -^(^>.„(r)+^, +____J . (3.II8) 

Now, applying definitions p. 651) and p.97p . one re- writes Equation p.llSp as definition p. 911) : thus, 
the representation for ■00 (A) given in Equations (I3.9ip and p.98p - p.l00p is obtained. 

Finally, in order to prove the error estimate in Equation (I3.94p . one has to estimate the func- 
tion Xo(A) defined in the transformation Ff. Applying the transformation Fi, one re- writes Equa- 
tion p.ll4p as follows: 

^^ = i?o(A)xo(A)+k(A),xo(A)l, (3.119) 

dA r^+oc L J 

where Bo(A) is defined by Equation p.ll5p . [Bo(A), Xo(A)] := Bo(A)xo(A)-Xo(A)Bo(A) is the ma- 
trix commutator, and -Ro(A) is defined by Equation p.ll6p . The normalized solution (xo(0) =1) of 
Equation p.ll9p is given by 

xo(A)=i+/ MmMor'RoiOxo{OMO{M^)r'd^- (3.120) 

Jo 
To prove the required estimate for Xo(A), one uses the method of successive approximations, 

Jq 

with Xo (A)=I, to construct a Neumann series solution for Xo(A), that is, xo(A) :=lim„_j.oo Xo (^)- 
In this case, however, it suffices to estimate the norm of the associated resolvent kernel. Via the above 
iteration argument, it follows that 

||xo(A)-I||<exp^ ||0o(A)||||(V.o(O)^'lll|i?o(Ollll0o(OIIII(0o(A))-i|||de|j-l, (3.121) 

where |d(^| denotes integration with respect to arc length. One now estimates the norms appearing in 
Equation p.l2ip . Using Equations p.ll2p . p.ll3p . and (I3.116p . conditions ((3T2)) . and the conditions 
of Corollary I3.2.3[ one shows that 



/ 0(t2^+'5-*i) ©(r'^+i-'^oV 
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recalling the definition of the matrix norm (cf. Subsection 13. ip , one arrives at 

WMm = 0(t^^+^-'A. (3.122) 

For the function V'o(Oi ^^^ has to find a uniform approximation for ^gRU iM. To do so, one uses the 
following integral representation for the parabolic-cylinder function [13j : 

D,.{x)= / e-'^t-'i-\l+t)^dt, Re(i^)<0, |arg(x)| s;7r/4. (3.123) 

As this integral representation will be applied to the entries of the matrix- valued function ■(/'o(C) (cf. 
Equation p.lOOp '). it implies the following restriction on v. 

< Re(i' + 1) < 1. 

Since, in the sector |arg(x)| ^ 7r/4, the exponents in the integral representation p.l23p are less than 
or equal to one, the following estimate for D^{x) can be deduced: 

2 



r(i^Mid) 



\Du{x)\^ l,,_^„,^ , |arg(x)|s^7r/4. 

2 



From the above inequality, one derives, for the elements of the second column of ^AoCOi the following 
estimates: 

|(V'o(0)i2| = 0(1), \{M^))22\ = 0{l)+0{i\Mr)\-% arg(Oe(-7r/2,0). 

In order to apply, simultaneously, the same integral representation p.l23p for the elements of the first 
column of V'o(C)i one has to restrict arg(^) to — Tr/2; hence, one arrives at the following, analogous 
estimates: 

l(V'o(e))ii| = 0{l), \{M^))2i\ = 0(l) + 0(^No(r)|-i), arg(e)--V2. 

Thus, for arg(^) = — 7r/2, one arrives at the fohowing estimate for HV'oCOII- 

||^o(OII = 0{1) + 0{£,\k,{t)\-^). (3.124) 

In order to find estimates for V'o(C) on the other Stokes rays arg(^) = 0,7r/2,±7r, . . . , one has to 
use the linear relations for the parabolic-cylinder functions relating any three of the four func- 
tions D^[±x) and Z?_i,_i(±ix) (see, for example, [TT], pg. 1094, Equations 9.248 1.-3.), and impose 
the additional restriction Im(i/-|-1) =t— ).+oo C'(l), in which case, for all the Stokes rays arg(^) = 
0,±7r/2,±7r, . . . , ^ 1^1 < -}-oo, one verifies an estimate similar to Equation p.l24p . Noting that 
det('0o(O) = -b*M)"^ exp(-^(iy+l)), one obtains 

ll(V'o(0)-'ll = |xo(r)|e-ti-(''+i)||^o(OII- (3-125) 

Using the asymptotic expansions for the parabolic-cylinder functions (see Remark 13.3.11 below), one 
shows that 

||^o(A)|| = 0(|>.o(T)riAR'=(''+i)), ||(V'o(A))-i|| o(Ai^c(.+i))^ (3^^26) 

r— ^-|-cxD r— >-|-oo 

Combining the estimates p.l22p . (|3.124p . p.l25p . and p.l26p . and assuming that 

6e + 2eRe(i^+l) + -<(5i, 
one deduces from Equation p. 1211) that 



(A)-I|| < Q(^&e+2eKc(v+l) + ^-Si\ 



iXo 

r— J--I-00 
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Hence, forming the composition of the invertible hnear transformations Fi, . . . , F-^, that is (the "sym- 
bol" o denotes "composition"), 

*(/!) = (Ff 1 o F,-' o F,-' o i^-i o F5-1 o Fg-i o F,-') M^) 
= (6(r))-i-W(r)rH-3 Q^^ 0^ t;(r) xo(A)^o(A), 

one arrives at the asymptotic representation for 4'(pt) given in Equation p.94p . D 

Remark 3.3.1. In Lemma 13.3.11 and hereafter, the matrix-valued function V'o(A) {cf Equation 
(13. loop ) plays a pivotal role; therefore, for the reader's convenience, its asymptotics are presented 
here: 



V'o(A) _= I+^Vj(T)A^Mexp^i2\/3A2-(zy+l)hi(eT2533A)ja3J7efc, A: = -l,0,l,2, 

where ^Pj{t) are off-diagonal {resp., diagonal) matrices for j odd {resp., j even), 

'■ [- rir^^+if -^"'^'' ~iP*ir))-'J' " [ -b*(r))-ie-2-'(^+i); ' 

and r(-) is tiie (Euler) gamma function [11]. Tie above asymptotic expansion can be deduced from 
the asymptotics of the parabolic-cylinder functions {see, for example, [13] )■ The diagonal/off-diagonal 
structure of the matrices ^Pj{t) is a consequence of the "as-reduction" for Equation p.98p : ?/'o(A)-t> 
o'3'0o(— A). In Lemmata l3.4.1l and l3.4.2l (see Subsection 13.41 below) . explicit knowledge of the following 
matrices is essentiah 

( £o(li\ / i(i.+l)(t/+2) Q \ 

V >^o(r) " / V " 16v^ / 

16\/3:^o(t) " / 

3.4 Matching of Asymptotics 

In this subsection the connection matrix (cf. Equation (jl.lip ). G, is calculated asymptotically in terms 
of the matrix elements of the function Aiji, r) defined by Equation p.7p . that is, the functions VQir), 
uq(t), HqIt), and ^(t); thus, under conditions (13.121) . the direct monodromy problem for Equation (13. 6p 
is solved asymptotically. 

Proposition 3.4.1. Let Jl = Jiq = a + r^^/'^A, where A =T-_i._(_tx3 0{t^), < e < 1/9. Then under 
conditions p.l2p . with 0<S <e <l/9 and e<Si<l/3, 

I ^ 0-3 

S-2e\ 



J_Iho(tI\ ( -\{1+0{t'-^')) l+0{r 



{FAA))-'Ti^) _^-^^ IsV^V^rj [-hi^\m + Oir^'-'^)) 4(n7-l)(l + 0(r2^-2^)) 



0"3 



HMWi ' 



where zu is defined in Provosition 13.2.51 
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Proof. The proof is a straightforward, though algebraicahy tedious, consequence of Proposi- 
tion lHX^ fcf. Equations (IXS5)) - (p:^ ) and Lemma l5XT] fcf. Equations (15351) - (P^TT)) ). More precisely, 
using conditions (I3.12p . the conditions of Coroharv 13.2.31 Equations (|3.35l) and (|3.65p . and repeated 
application of Equation (J3.77I) , one shows that 






_ a^foi I uo{t) I ^coir) 

r— >-+oo 

((.F,(A))-'r(o+r-"»A))^^ 



V3(ro+1) /6(r)fo(r) / tuA 



((^.(A))-ir(a+r-i/3A)) 

V /22 1- 



+00 2-3i/4ay^Y Mo(r) V >iro(T) 

^ (^1 I g A4^o(r)+ro(r) + 2(zlo(T))^)feo(r) ' 
V V ro(T)(l+«o(r))A2 

4%/3(tu-l)a\/a / ^A / uo{t) 



22 r->+oo 3^/'' y >fo(T) y 6(T)fo(T) 

(4«o(T)+fo(r) + 2(Mo(r))2)/io(T)' 



X l + O 



fo{T){l+Uo{T))A^ 



hence, via conditions (I3.12p and the conditions of Corollarv l3.2.31 one arrives at, after simplification. 
Equation (|3.127p . D 

Lemma 3.4.1. Let ^(pt, r) be the fundamental solution of Equation (13.61) with asymptotics given in 
Lemma |3. 3. 11 and Yi^{J1,t) be the canonical solution of Equation p.ip . Defina^^ 



Lr 



,{T):={^5j{Jl,T)y\-^'^-Y^^iT-'eJl,T). 



Assume that the parameters e, 6, Si, and v + l satisfy the conditions p.92p and p. 931) : furthermore, 
let the function b{T) satisfy the following conditions: 

/ iim(a)(^^(^))2\ / bir)ifoir)r 



birKfo 



'(^o(t)) \ 6e+a-.5i ^ nt-r-^^) ( ^^'^^^^O^^)) \ _6£+4£Rc(i/+l)^^i ^ Hl'-r-'^sl 



(3.128) 



Vl^'°W(Mo(r))^\ _,_2sRc(.+l) ^ Oir-^S,-. ( Kr){fo{T)f \ _2S+2eK.i.+l)-:ie ^ Ofr-^M 



^M<^)(uo(r))2 

(3.129) 



where Sk>0, fc = l,2,3,4. Then 



xfl+K^t) '^(^^t^lV (3.130) 

where TZq is defined in Remark \3.3.1[ I^(t) is defined by Equation ()3.59p . 

U:=i3(V3-l)aV/--' + V^. + l-|)lnr, (3.131) 



^^Note that t ^2'^^Yq°{t b f^^r) is also a fundamental solution of Equation 1 13.61 1: therefore, LcxjCt) is independent 
of Jl. 
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^lna-iln3 + (i. + l)ln(eT23/23i/4) + cWKB^ (3.132) 



oo oo 



with C^^^ defined by Equation p.55p . and Jn =(522 :=niin{(5i — | — 6e — 2eRe(i^ + l), 2(£ — 5), ^ — 3e}, 

(5i2:=min{(5i,(53}, and S21 :=min{J2, (54}- 

Proof. Denote by ^wkb(M: ''') the solution of Equation p.6p which has WKB asymptotics given by 
Equations (|3.18p - p.20p in the canonical domain containing the Stokes curve approaching the positive 
real /I-axis from above as /I—)- +00. Now, re- write Loo{t) in the following, equivalent form: 

Noting that ^(/i,T), ^wkb(M7''')i ^ncl r^Ta'^^y^ooj-^-g- ,j.) ^^^.g ^^jj solutions of Equation p.6p . it 
follows that they differ by right-hand, /I- independent matrix factors. Using this fact, one evaluates 
asymptotically (as r — > +00) each pair by taking separate limits, that is, /i — > a and Ji — > +cx3, 
respectively; more precisely, 

(*(Ai,r))-i*wKB(M,r) = (^.(A)(I+0(r6-+2-i^<=('^+i)+i-^0)V'o(A))-ir(M)eWKB(^,r) ^ 



p=po=Q+-r-i/3A, A~r=, 0<e<l/9, arg(A)=0 

(^WKB(M,T))-V-A-3y-(^-^^^^) ^ (T(/I)eWKB(?.-))-ir-A-3y-(^-^^^^)^ 



r— >-+oc x^ 



/A— >oo, arg(/i)— 



where WKB(aI, r) i^-agirVs /|^^(^) de-/| d\B.g{lT{0)-^d^T{i)) At 

To calculate asymptotics of (^(/2,t))~^^wkb(a'', '''), one uses Equation p.l27p . with nj = +l, and 
Equation p.lOOp (in conjunction with Remark l3.3.ip to show that 

(*(Ai,r))-i$wKB(Ai,r) = (l+{M^)r'0{T^'+''^'^^''+'^+^-'^)M^iMM''{M^)r'Ti]l) 

= fl+(^o(A))-iO(T6^+2^^°('^+i)+5-*i)^o(A)) 7^o 1 

X exp(-(i2V3A2-(i^ + l)ln(e'T23/23i/4A)) CT3) 

//l _iialli\ 1/0 0\ 1 /ii^ \ 



X 



(1 [M^V'ff-l A /0(,^-2e) 0(^.-2e) 



lb{T)fo{T) 



\ Q,3/2 W UQ(r) y 
= fl+(^o(A))-iO(T6^+2^^°('^+i)+5-*i)^o(A)) 7^o 1 

I + r-.f """"' 0(«?fSfe)'|'| ,3,33, 

For the calculation of asymptotics for (*wkb(p', T))^^T^T^°'^Yi^{T^e'jl,T), one uses the asymptotics of 
Y^{t--sJi, t) given in PropositionfOl Equation (IXM)) . Equations ((XM)) and (I535)) . Equations ([535)) 
and p.59p . and conditions (13.93^ . to show that 

($WKB(Ai,T))-V-Ti"^yo°°(r-5/I,T) = e^°°(")^^'(l+0(r-2(^-*))+0(T-H3-)), (3.134) 



where 
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T^ + OO b 

-iV^-^^V^n-taAV (3.135) 



2V3 



Hence, via expansions (I3.133P and p.l34p . upon taking into account definition (I3.9ip . and condi- 
tions (I3.92P and p.93p . one arrives at 



0"3 



Loe(r) = i7lo-iexp((t„o + Coo-XL(r))a3)(W^^^^;^ I a^ (I+Soo(r)) 
where too and Coo are defined by Equations (|3.131l) and (I3.132p . respectively, and 

\*-^ Xn(T)(un(r))^ '^y^) 



where 771 (r) := ilin(a) Inr — 2eRe(j^-|- 1) Inr. Invoking conditions p.l28p and p.l29p . and condi- 
tions (|3.92p and (|3.93l) . one arrives at Equation (|3.130p . D 

Lemma 3.4.2. Let ^(/I, r) be the fundamental solution of Equation p.6p with asymptotics given in 
Lenim,a \3.3.1[ and XqCjIjt) be the canonical solution of Equation p.ip . Defina^n 



:o(t):-(vI'(m,t)) \-^^''^X^{T-i]l,T). 



Assume that the parameters s, 5, Si, and v + l satisfy the conditions p. 921) and p.93p : furthermore, 
let 

6e + 5-Si<0, 6e-l-4eRe(i/+l)-(5i<0, -3e + 2eRe{u+l) + 25<0. (3.136) 

Then 



(3.137) 



^»W„^.„ -i«-.xp((..+..+x.M).3) (/^«^) ^. 

where TZ2 is defined in Remark \'S.'S.l[ Tq{t) is defined by Equation p.6ip . 

to:=i3%/3aV2/3-fiu + ijlnT, (3.138) 

Co:=-^hi2-iln3 + (i^ + l)ln(e^23/23i/4)-Co'^KB^ ^g-^gg) 

00 
with C^^^ defined by Equation (I3.57p . and (5ii =(522 :=niin{(5i — | — 6e — 2eRe(i^ + l), 2(e — 5), i — 3e}, 


S12 :=min{(5i — (5— 6e, e + 2eRe(i' + l)}, and 621 :=min{(5i — 6e — 4£Re(i/+l), 3e — 2(5— 2eRe(i^ + l)}. 



-^■^Note that r i2'^^X^{t SfJ,,T) is also a fundamental solution of Equation 1 13.61 1: therefore, Lq{t) is indepentient of 
Jl. 
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Proof. Denote by ^wkb(M: ''') the solution of Equation p.6|) which has WKB asymptotics given by 
Equations (|3.18P " (|3.20p in the canonical domain containing the Stokes curve approaching the positive 
real /I-axis from above as /I— >+0. Now, re-write Lo{t) in the following, equivalent form: 

Loir) = (($(p^, T))-i*wKB(Ai, r)) [{^wkb{J1, t))-\-^^"' X^^{t--^Ji, t)) . 

Noting that ^(pi,T), v1/wkb(a*,'''), and t"T2'^3^0(-^-^~ .^.^ are all solutions of Equation (13.61) . it follows 
that they differ by right-hand, /I- independent matrix factors. Using this fact, one evaluates asymptot- 
ically (as T— ^-|-oo) each pair by taking separate limits, that is, /x— >■« and /I— )--|-0, respectively; more 
precisely, 

(*(A2,r))-i*wKB(M,r) - (^,(A)(I+0(T6-+2-i^<=('^+i)+i-^0)V'o(A))-ir(/l)eWKB(M-) ^ 



^=^f,=a+i — 1/3A, A~r=, 0<£<l/9, arg(A) = 



-2 



(*wKB(/l,r))-V-A'^-^X°(r-S/I,r) = (T(/I)eW™('^^-))-V- ^-3^0(^-1- ^) ^ 

r— )-+oo ^ -f 

li^>-0, arg{/i)— 

where WKB(/I, r) :=-a3ir2/3 /|^^(^) de-/|^ diag((T(0)-iacT(0) d^ 

To calculate asymptotics of (*(pi,t))^-'^^wkb(a', t), one uses Equation p.l27p . with ci7 = — 1, and 
Equation p.lOOp (in conjunction with Remark l3.3.ip to show that 

($(M,r))-i$wKB(Al,r) = (l+(^o(A))-iO(r«^'+2^«°(^+i'+i-*0^o(A))(V'o(A))-i(J^,(A))-ir(p^) 

= fl+(^o(A))-iO(T6^+2^^°('^+i)+5-*i)V^o(A)) 7^2 

X exp(-(i2\/3A2-(iy + l)ln(eT23/23i/4A)) ag' 

^ ( 1 /6(T)fo(r) V' 



-(i+(^o(A))-10(t6^+2^^°('^+i)+5-^OV'o(A) 



x7^, 



-1 



/6(T)><:o(r)fo(T) 



2 \^8-3V4«3/2y ^^(^)X ; 

exp('-(i2%/3A2-(i. + l)ln(eT23/23i/4A))CT3 

For the calculation of asymptotics for (^wkb(Mi T))^^r~T2°'3Xg (r^spi, r), one uses the asymptotics of 
Xq{t^'s]j,,t) given in Proposition [Ol Equation (I3.87p . Equations p.56p and (I3.57p . Equations p.60p 
and (I3.6ip . and conditions p.93p . to show that 







i2.V4„3/2V 



(*WKB(Ai,T))-V-A-3 ^0(^-1-^) ^ e^°(-)-M . /_ VKr) 



,23/4q3/2 



X (l+0(r-2(^-^))+0(r-i+3^)j , (3.141) 
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where 

Wo(t) := i3V3aV2/3 + i2V3A2+4(T)-Co^ 

T—¥-\-00 



2^/3 VV 2; a2 4 y ^3 



Inr-lnA . (3.142) 



Hence, via expansions (I3.140p and p.l4ip . upon taking into account definition (I3.9ip . and condi- 
tions p.92p and (|3.93p . one arrives at 



Loir) ^ =_ -i7^2-^cxp((to + Co+X»(r))a3)|y'^^^^^ j a2{l+Eo{T)). 



r— ^ + 00 



where to and Cq are defined by Equations (|3.138l) and fl3.139p . respectively, and 

^o(^^^-^oo^ [0iiMr))-'r^''''^-+'^) 0{1) J 

^'^ (^0(^25+25Rc(i.+ l/2)^ 0{t^) 

Invoking conditions p.l36p . and conditions p.92p and p.93p . one arrives at Equation p.l37p . D 

Theorem 3.4.1. Assuming conditions (|XT^ . (153^ . (|535)) . (|3.128p . p.l29p . and p.l36p , de/ine 



(5" :=niin{(5ij}i.j=i,2. Furthermore, suppose that 



where 5^2^52i>^- Let 



T— >--i-CX3 



„ „ OO OO 

sO xG xG 



<5G:=min{<5",5^2,'52''i,<5i2,<52i}. (3.144) 

Then the connection matrix {cf. Equation (jl.lip ) /las i/ie following asymptotics: 

G = Goo(I+0(t-^'^)), (3.145) 



where 



/ ^°(^)VK^ ^(an(r)-^^(T))^-27ri(i/+l) _ cT2f^V^V2ig(3o(T)+3^ (r))g-27ri(i/+l)\ 

3oo(T)=too + Coo-2:L(T), (3.147) 

3o(r) = to + Co+4(r), (3.148) 

where too, Coo, 2^L ('''); ^O; Co, and Xq(t) are defined by Equations p.l3ip . p.l32p . (I3.59p . p.l38p . 
p.l39p . and p. 611) . respectively. 

Proof. Starting from the definition of the connection matrix (cf. Equation (|l.lip ). one has the fol- 
lowing sequence of formulae: YQ°°{p):=X°{p)G =4> (cf. Equations ^M) Y„°^{t~^/^]1)=X^{t-^/^J1)G 
=^ T-ra'^3yj>o(^-i/6~) ^ r-A'"3xO(T-i/6/I)G' ^ (cf. Lemmata [3XT] and EXll) *(M,T)ioo(T) = 
$(m,t)Lo(t)G ^ Loo(r) = Lo(T)G ^ 

G=(Lo(r))-iLoo(r). (3.149) 
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Using Equations p.l30|) - p.l32l) . Equations p.l37l) - (|3.139p . and the formulae for TZq and TZ2 given 
in Remark 13. 3. 1[ one arrives at 

G = G^il+Eair)), 

where Goo is defined by Equations (I3.146p - (I3.148D . and 

The estimate for Eg{t) (of. Equations p.l44p and p.1451) ') follows from the definitions of Sij and 6ij, 
i,j — 1,2, given in Lemmata 13.4.11 and 13.4. 2[ respectively, and conditions p.l43p . D 

4 Asymptotic Solution of the Inverse Monodromy Problem 

In Section [3] the connection matrix, G, for Equation p.6p is calculated asymptotically under certain 
conditions on its coefficient functiona^4 Using these conditions, one can derive the r-dependent class 
of functions to which G belongs. We are not, however, going to proceed in this, most general, way; 
rather, we will invoke the isomonodromy condition on G, that is, its matrix elements, gij, i, j — 1, 2, are 
constants, and then invert the formula for G to obtain the coefficient functions of Equation p.6p and 
verify that they satisfy all of the imposed conditions for this isomonodromy case. The latter procedure 
produces explicit formulae for the coefficient functions of Equation p.6|) , which give rise to asymptotics 
of the solution of the system of isomonodromy deformations (jl.Sp (see, also, Equations p.Sp ) and, 
in turn, define asymptotics of the solution of the degenerate third Painleve equation (jl.ip and the 
related functions 'H{t) and /(r) (cf. Equations (jl.2p and (jl.3p . respectively). Zeroes and poles of 
the leading term of asymptotics of u{t) define the centers of the cheese-holes of the domain I?„ (cf. 
definitions (|2.10p . (|3.2I) . (|3.3p . and (13. 4p ). We also prove that, for large enough r, there is a one-to-one 
correspondence between the zeroes and poles of the solution u{t) and the zeroes and poles of its 
leading term of asymptotics, that is, in each cheese-hole there is located one, and only one, zero or 
pole of u{t). 

Proposition 4.1. Let gij, i,j — 1,2, denote the matrix elements of G. Assum,e that 5115125215227^0 
and the conditions of Theorem \3A.l\ are valid. Then the functions roir), uo{t), ho{T), >Cq{t), and &(t) 
have the following asymptotics: 

" ( \ ^'^ 6cosi?o 

^° ^ ^^+°° l-iV^cos(^(T)) ^^+^ cos(i(i9(r)-(-i?o))cos(i(i?(T)-z9o))' 

^o(r) = -i +O(r-H^-^0 = ^€^ + 0(r-H^-^^), (4.2) 

^^r^+00 2cos2(i(i?(T)-fi9o)) 'r^+00 cos2(i(t?(T)+i9o)) 



/io(t) = i2V3a^ (^^+l)-7: + - 



1 i / i\ sin(^(T))cos??o 



a— — 



^+°° V 2 2V3 V 2; 2N/2cos(i(^(T)-KT?o))cos(i(^(T)-T?o)) 

0{t-^'') + 0{t^-^^')] , (4.3) 



<Ur) = iSVs (?+l)-- + - 



1 i / i\ sin(^(r))cos??o 



T— ^ + 00 



a 



2 2^/3 V 2; 2V2cos(i(^(r) + ^o))cos(i(i?(T)-^o)) 



^4(a-i)cos(,(^(r)+^o)) +Oir-^oHOir^-2S.)+Oir-l^^% (4.4) 

cos(i(z9(T)+z9o)+^o)cos(i(^(r) + ^o)-^o) 

V^ ^ C T^\"^'an!1^ , . +Oir-iHOir^-^^^)] eMHr)), (4.5) 

- "- \4cos(^o)cos(i(t?(T)-fi?o)) / 



r— >-+oo 



13 See Equations ifTTll- limi and | fXl3ll , and conditions |[XT2j, (l3?92l , (l3?93ll . 1 13.12811 . (13.1291 1, J3.136II . and I I3.143II . 
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where 

?+l:=;:^ln(gii522), 0<Rc(?+l)<l, (4.6) 



2tt 



d{T) :=6V3aV2/3-i f{V+l)-^^ ln(6V3aV2/3)-i ((^+1)-^) 1^12+ ('a-^') ln(2 + %/3) 



-iln(^^iiiii^=^j--(i;+l) + - + 0(r-^-lnr), (4.7) 

^o:=-| + ^ln(2 + V3), cosi?o = -^, sin^o = -y| (4.8) 

*(t) := -i3aV2/3-^lnr+i7r('(?+l)-i)+ln.gii + 21n(2a) + ^ln('^ 

(i7+l)-01n(2 + V3) + O(r-*'=), (4.9) 

and Sa>0 is defined by Equation p. 1441) . 

Proof. Multiplying the diagonal elements of G (cf. Equations (I3.145p - p.148p ') and taking into 
account conditions p.92p and definition (|4.6p . one shows that 

ly + l = (i?+l)(l + 0(r-*'^)), (4.10) 

where Sg>0 is defined by Equation p.l44p . 

Multiplying the elements of the first row of G, one shows, via Equation ()4.10p . that 



911912 __ =._exp( - + -ln27r+ln(2533)-lnr(i;+l)-47ri(J?+l)+ln( ^^)+23o(t) + 0(t-^«)), 



where, via Equations (03111), ([5T^ . ([53T|) . and (|CTI)) . 

23o(t) = 2to-31n2-iln3 + — + 2(i;+l)ln(eT2i3^) + 2i(a-- )ln( ^^^^ 



(4.11) 



r->+oc 2 2^^^ V2ylV2/ 

+ 2 f(j;+l)-i^ ln3a + 27ri(i;+l)-lnf^44V^lnQ(T)+0(T-*«), (4.12) 

with to defined by Equation p.l38p . and 



Q(^^._ po(^)-4^^ + V32 + (f^(7P4F W ro(r)+4^/3-V32T(fo(r)-4)n 
l^fo(T)-4V3-V32 + (fo(r)-4)2y l^fo(r)+4V3 + V32 + (fo(r)-4)2y ' 

Substituting Equations (I4.12p and (|4.13p into Equation (14. lip and solving for Q(t), one arrives at 



12-.o(.)-V3 732T(g^ ^ .^^ 

12-fo(r) + V3v/32 + (fo(r)-4)^ 



2 r— ^+cxD 



where ??(t) is defined by Equation ()4.7p . There are two solutions of Equation (j4.14p for foir). Define 
the parameter -da by the first equation of (J4.8I) ; then, one of the solutions for fg (r) is given in Equa- 
tion (|4.ip . whilst the other is given by the same formula as in Equation (|4.ip but with the change 
i?(t) — > i?(T)+7r. This ambiguity in the solution of the inverse monodromy problem can be rectified 
by calculating one additional parameter, namely, one of the Stokes multipliera^i: however, we choose 
a different approach. There is a common domain of validity of the results obtained in this paper and 



*This ambiguity is distinct from the one for the direct monodromy problem mentioned in Remark ll.3l 
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Part I [T]. In Appendix B, this fact is used in order to justify the choice for ro(T) that is given in 
Equation (|4.ip . Furthermore, as a by-product of Equations (|4.14p . (14.81) . and (|4.ip . one shows that 

V 32 + (fo(r)-4)^ ^ - 4V6sin^(r) ^ Jsin^r)) sin2^^o ^ 

^^+°° l-iV2cosi?(T) ^^+°° cos(i(^(T) + i?o))cos(i(?9(T)-t?o)) 

Via Equations p. 771) . (|ITT|) . (|i?5| . and (|4.15p . and conditions (|3.12l) . one shows that 

^.. ^ 3 (iV2(cos(t^o) + cosz?(T))-V6(sin(i^o) + sin^(T))) ^ ^ i+,_, 
^^+°° 2 (cos(79o) + cosz9(t))2 

Now, from Equations (j4.8p . (|4.10p . and (I4.16p . and the trigonometric identities sin('!9o) + sin?9(T) — 
2sin(i(z?o + ^(T)))cos(i(i?o-t^(T))) and cos(i?o) + cos?9(t) = 2cos(i(i9o+^(T))) cos(i(?9o-'?(r))), one 
arrives at Equation (|i^ . To obtain /io(r) (cf. Equation (l^^f ). one uses Equations (13768^ . p. 911) . (|IT5]) . 
(PHH) . and (|i?T5|) . and conditions ((XT^ . Finally, using Equations ([XHS]) . (|i?^ . and (|I3)) . one arrives 
at Equation g^) for ><o('r)- 

It follows from the (1 2) -element of G and Equation (|4.10[) that 



/27r 



\AM^^=^exp|^^+ln(2i3^)-2^i(?-fl)+lnf— ^^ )+3o(r)+3oo(r)+0(^^^^ ) , (4.17) 



where 3o(''') is given in Equations (|4.12l) and (|4.13p . and (cf. Equation ^.147^ ) 3 oo (t) =too+Coo^2'L (''')' 
with too, Coo, and I^{t) defined, respectively, by Equations p.l3ip . p.l32p . and p.59p . Hence, using 
Equations (|4.14p and (|4.17l) . one shows that 

/^^ - "''^^^ exp(cI>(T)), (4.18) 



where $(r) is defined by Equation (|4.9p . whence, via Equations (|4.ip and (|4.2p . and conditions p.l2p . 
one arrives at Equation (|4.5p . D 

Remark 4.1. It is important to note that, as a consequence of Equation (|4.18p . 

r5i»iWtio(r) 



V^^o(t-) ^^+°° 



0(1); (4.19) 



therefore, conditions p.l43p are satisfied; moreover, via conditions p.l36p and the estimate (|4.19p . 
it follows that conditions p.l28p and p.l29p are aiso satisfied. Making the following choice for the 
parameters e, 6, and Si, 

0<206<10e<Si<l/5, 

one shows that conditions p.93p and p.l36p arc vaiid uniformly for < Re(i7+1) < 1. For the functions 
fo(r), uoir), and ho{T) defined, respectively, by Equations (|4.ip . (|4.2p . and (|4.3p . conditions p.l2p 
are satisfied. 



Proposition 4.2. Under the conditions of Proposition |4?TI the functions a{T), 6(t), c(t), andd{T), 
defining, via Equations p.Sp . i/ie solution of the system of isomonodromy deformations p.Sp . /loue 
i/ie following asymptotic representations: 

T-S-+00 COS^(k(t)) 

i4a'^cos(^o)cos(K(T)4-i?o)cos(K(T)-i?o) / „ , sin^ ^o 



r^+cx) cos2(K(r)) \ cos(«;(r))cos(«;(r) — i?o), 

+ 0(r-i+2'5) + C'(T-3+«-«i), (4.21) 

, , , , i4a^cos(K(T)-|-^o) cos(K(r) — t^o) / cos(^o) sin^ i?o 

b{T)c{T) - 



T-S-+00 cos2(k(t)) \cos(k(t)) cos(k(t) — z9o) 



Degenerate Third Painleve Equation: II 38 



cos(K(r) + ??o) cos{k{t) — '&q) 



2,Q \ <nf-.-i+^s-.,i-^(-^+s-Si 



cos^?9o +^(^"' ) + ^(^"' )' (4-22) 



c{T)d{T) = -4a* cos^i9o + 



4 / 2 Q , COS 1^0 ^ f cos(i?o) sin i9o 



r^+i^ \ cos(K(r))cos(K(T) — f^o)/ \cos(K(r))cos(K(T) — t?o) 

''''''^° cos2^oV^(^"*+'"'0, (4.23) 



cos(k(t) +^o) cos(k(t) — i9o) 

where 6(t) is given in Equation (|4.5p (see, a/so, Equation ()4.9p '). k(t) := ('!?(t) + 79o)/2, and '!9(t), iJo; 
and Sg>0 are defined, respectively, by Equations (|4.7p . (|4.8p . and p.l44p . 

Proof. If (7ij, i,j = 1,2, are r-dependent, then any functions whose asymptotics are given by 
Equations (|4lT|)"gl5l) satisfy conditions (|XT2)) . dSH]), (jSIMl) . (|3J28| . (|3A29l) . (I3J36)) . and ((3l43l) : 
therefore, one can now use the justification scheme suggested in [TU] (see, also, [13] )• Equations (I4.20p - 
(|4.23l) are obtained from Equations p. lip . p.l4p . p.lSp . and p.l7p via the direct substitution of 
Equations (gH]) and (021). □ 

From Proposition [121 Equations p.Sp . and Equation p. lip , one shows that m(t), the solution of 
the degenerate third Painleve equation (|l.ip . is given by 

7/(T)-eTi/V-a(r)6(T)-^MlI^i/3(i+^g(^))^ ^^±1. (4.24) 

It was shown in [1 that, in terms of the function /io(t), the Hamiltonian (cf. Equation (|1.2p ). ■H(r), 
corresponding to w(t), is given by 

nir)^3{ebf/\'/'-4hoir)r-'/' + j^(^a-^y. (4.25) 

Finally, the function /(r) (cf. Equation ()1.3p ) can be presented in terms of ro(T) with the help of 
Equations ([XTO]) . ([3:81) . ([531) . and ([TTl) : 



Thus, Proposition UTl implies the corresponding asymptotic results for the functions fQ{T), 'H(t), and 
/(r) stated in Theorem 12. II 

It is important to note that asymptotics of fo (r) can also be reformulated as asymptotics of the 
logarithmic derivative of u(t). 

Proposition 4.3. The leading term of asymptotics o/(lnu(r))' coincides with the logarithmic deriva- 
tive of the leading term of asymptotics of the function u{t) given in Theorem \2.1[ Equation (J2.4I) : 

dlnu(T) _ 3V3(-l)"^(e6)i/3T-i/3cos(f) ^ ^^^^_2^5_5 



dr r^ooc'-i sin(|)sin(#-i9o)sin(|+^o) 



C)(r-3+o-''i)^ (4.27) 



2; ""^\^2 ""J """V2 

where 'i? = i9(£i, £2, r) is defined by Equations (12. 2p . (J2.5I) . and (j2.6p . and "do is given in Equation (j2.7p . 
Proof. As in the main body of the paper, the case ei =£2 = is considered in detail; in particular, 

i? = i?(0,0,T)=z9(T) + t?o-7r : 

the remaining cases are proved analogously upon applying the transformation 3^ei.e2 introduced at the 
beginning of Section [21 From Equations (I4.26P and (|1.3p . one shows that 

Substituting into Equation (|4.28l) the asymptotics for u(r) and ro(r) given in Equations p.4p and (|4.ip . 
respectively, and using the identity 

2sinf - j sinf --^0 J =cos^o-cos(t?-t?o), 
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+ 0{t- 



l+S-Si 



one arrives at 

u'{t) _ i(£&)i/3(2sin=^(f)+5cos(i^o)sin(f+^?o)+sin(f+i?o)cos(i^-i^o)) 

u(t) r^^oo Ti/3sin(|)sin(|-^o)sin(|+i9o) 

Consider, now, the numerator of the above fraction. One uses the identities 

sinf -+?9o) == ^™( 2 ) cosz?o+cosf - j sini^o, 

sinf - + i?o j 008(19-190) = - sinf — - j -- sinf --2i9o 

= -sini — j--(2cos^i9o-l)sinf - j +sin(i9o) cos(i?o) cosf - 

to transform the second and third terms, respectively, of the summand: regrouping, now, the terms 
in the numerator, one transforms it into the form 

iUsin3(^^j+sin(^yj+(8cos2i9o + l)sin(^^j W , 



where, in order to get the last equality, one uses the values of sin -do and cos i9o given in Equation 
Thus, asymptotics (|4.27p is proved. 

To finish the proof, one has to confirm that the logarithmic derivative of the leading term of 
asymptotics (12. 4p coincides, modulo C'(t^3+*^*i)j with the leading term of asymptotics (|4.27l) . Taking 
the logarithmic derivative of asymptotics ^2A\i . neglecting terms that are 0{t~^), and assuming that 
the derivatives of the errors can also be neglected, one shows that 



y3(e&)i/3/cos(f-i9o) cos(f + i9o) 2cos(|) 



t1/3 \^sin(|-i9o) sin(|+i9o) 
V3(e6)i/3cos(f) / 2sin(f) 




ri/3 \^sin(f-i9o)sin(f+i9o) 

_ V3(e6)i/3cos(f)(2sin2(f)+cos(i9)-cos(2i9o)) 
" ri/3sin(|)sin(|-i9o)sin(| + i9o) ' 

One completes the proof upon noting that 2sin^('i9/2)+cos(i9) — cos(2i9o) = 2sin^ 190 = 3- D 

Consider, now, more carefully, the cheese-like domain T>u (cf. Equation p.4p V As follows from the 
leading term of asymptotics (|2.4I) for the case Re(r7-|-1) ^ 1/2, where t':=i?(0, 0), the countable sets 
V^ and Z^ are empty, that is, 2?„ coincides with the strip V (cf. Equation (|2.10p ). In this case, S is 
vacuous: strictly speaking, one can improve some of the error estimates in Section [3] and this section 
by assuming, in lieu of conditions (|3.12p . the following conditions for the coefficients: 

Mr) - Oir-i+'), Mr) - 0{t-'^+% hoir) ^ 0(1). 

To eschew this, we can formally substitute (5 = in our calculations; surely, though, we will not achieve 
the best possible error estimates, but they are sufficient for our purposes. Consider the definition of 
So given in Equation (|3.144p . where 6^^ = ^21 = '^° (cf- Equations p. 1431) and dHH])). Put 5 = in 

the formulae for S12 and 521 j and S^ defined, respectively, in Lemma 13.4.11 and Theorem 13.4.11 and 
Lemma [3.4.21 Analyzing the resulting system for Sq, one has to choose ee (0, 1/9) so that Sq attains 
its maximum; the result reads: 

(i) for Rc(i;+l)e (0,1/2) and£ = (5i/(7+6Re(j;+l)), 

/l + 2Rc(?+l) 

^^^^^^'[WmH^W) 

(ii) for Rc(?+l)e (1/2,1) ande = (5i/(9 + 2Rc(?+l)), 

'3-2Re(r?+l) 



0<6g<Si 



9 + 2Re(i;+l) 
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Together with the justification scheme of [lU], this completes the proof of Theorem 12. II 
The structure of the cheese-like domain I?„ for Rc(?+l) = l/2 is more complicated: to study this 
case, it is convenient to introduce the following definition. 

Definition 4.1. Define d as the leading term of asyniptotics of 'd {cf Equation (J2.5I) '). that is, 

^ = S + 0{T-^''lTiT). 

Proposition 4.4. Suppose that 

5ii(£i,e2)gi2(£i,e2)g2i(ei,£2)522(ei,£2)7^0, Ref — ln(gii(ei,£2)522(ei,£2)) j = 2' 

and the branch of the function In(-) is chosen so that Im(ln(— f;ii(£i, e2)g22(£i, £2))) =0. For ttigN, 
consider the following transcendental equations: 

Si i 

-=7rm, -+do = nm, --■do^nm. (4.29) 

There exist unique solutions of these equations, t^^^, t+, „j, and t^^ „, respectivel'g^, the signs of the 
real parts of which correspond to (—1)'^^; furthermore, 

JTrei /^ 27r(-l)-^^m y/V 3gi(£i,£2)lnm 3g2{ei,e2) I f \n^ m \\ 

^''''"^ ra^oo'' ^^3(66)1/3^ ^ 4^ m 47r m^ \m'^))' ^ ' 

/27r(-l)2my/V 3gi(£i,£2) lnm 3 . ^ + o , ^ 1 ^/o Z^^^' '"^ ^ 

(4.31) 



as, 771 

771—^00 



£'i(£i,£2):=^ln(-gii(£i,£2)522(£i,£2)) (eM), (4.32) 

g2(£i,£2):-gi(£i,£2)hi(24vr) + (-l)^^Re(a)ln(2 + V3) + 5-iargf^li|^ii^^i4^) 

2 2 V52i(£i,£2)522(ei,£2)/ 



arg(r(i + igi(ei,£2)))+i('(-l)"^Im(a)ln(2 + V3) + iln 



gii(£i,£2)5i2(£i,£2) 



52i(£i,£2)g22(£i,£2) 



(4.33) 

and §0 is given in Equation (J2.7I) . 

Proof. Follows from a successive approximations argument applied to Equations (I4.29p . D 

Proposition 4.5. Let the conditions on the monodromy data be the same as those in Provosition \4:A\ 
Suppose that 0<13d <6i<l/3. Then 

5 
Proof. Consider the definition oi Sq given in Equation (13.1441) . where 5° is defined in Theorem l3.4.1l 

and Lemma [3.4.21 612 and S21 are defined in Lemma [3.4.11 and ^j^ = 1^21 = '^*' (<^f- Equations (I3.143P 
and (|4.19p V Under the assumptions stated in the Proposition, one can choose s which appears in these 
equations to satisfy the inequalities 

3(5 61+26 

then 6G = 2{e~ 6). ^ D 

This completes the proof of Theorem 12.31 modulo the distribution of the cheese-holes in I?„. 

^^ '''as m> '''as,m,t and Tas,m are the poles and zeroes of the leading term of asyniptotics of m(t) (cf. Equation 1 12. 4| |). 
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Theorem 4.1. For any given solution u(t) with the monodromy data satisfying the conditions (|2.1ip . 
consider the cheese-like domain D^ {cf. J?emarfc 12 ■4[) . There exists T>0 such that, V r^ m^'^asm with 
I'^as ml >^ '^"'^ I ■''as ml >T iu cach chccsc-hole centered at r^ „j [or t^„J, there exists one, and only 
one, zero r^ [or pole t^) of u{t) located in this cheese-hole: 

|t-± _t-±|<c|t-± \k-^ \r°° _t-°°|<CIt°° I^"*^ 

]'as,m 'mi ^^^\'as,m\ ' \'as,m 'm I ^^-"^I'aSjml ' 

where C>0. 

Proof. As in the main body of the paper, the case ei =£2 = is considered in detail; in particular, 
i9 = ?9(0, 0, r) ='!9(r) + ?9o^7r: the remaining cases are proved analogously upon applying the transfor- 
mation 3^ei,e2 introduced at the beginning of Section [21 The strategy here is to integrate both sides 
of Equations (|4.27l) and (|2.18p , and the equation resulting upon multiplying Equation (|2.19p by the 
factor 2t^^, around the boundary of a cheese- hole centered at r* = r^ ^^ (or t^^„J. Hereafter, the 
symbol § means that the above-mentioned integration is taken in the counter-clockwise sense. 

Denote by n+, n_, and Up, respectively, the numbers of zeroes of types r-|_, r_, and poles Tp of a 
solution u{t) inside the cheese- hole around whose boundary the integration is performed. The integrals 
on the left-hand sides of Equations (I4.27|) and (j2.18p . and the equation resulting upon multiplying 
Equation (|2.19p by the factor 2r~^, can be calculated via the Cauchy Residue Theorem; the results, 
respectively, read: 

27ri(ri+ + n_ — 2np), 27ri(n_ + Up), 27ri(n_ — Up). (4.34) 

To integrate the right-hand sides, note that the error estimates in the above-mentioned equations are 
all of the form ©(r^a^*^), for some w>0; therefore. 



Thus, for some T > 0, the integral is less than 2tt/3. The leading terms of the right-hand sides of 
Equations (|4.27l) and p.lSp . and the equation resulting upon multiplying Equation (|2.19p by the factor 
2r~^, are meromorphic functions in the strip T>, where T> is defined by Equation ()2.10p : therefore, one 
can also calculate ^ by using the Cauchy Residue Theoreno. To do so, notice that the non-trivial part 
of the leading terms (non-vanishing under integration) has the form t~^'^F{{)), where the function F 
is expressed in terms of trigonometric functions: 

/ 2V3 (e&)i/V~i/3i^(z9) dr = / d'F{^) dT-\-o((f ^^ dr") 

= / {}'F{d) dr+O (id' max(|F'(i?)|)T-'''= In r dr j +o(i> —^ dr j 

F(i?) di9 + C'(T*-*« lnT,) + C'(T,"^/^), (4.35) 

where use has been made of the fact that 5 < 6g, max{\F' {d)\) = 0{t^^), and F{'d) = 0{r^) in the 
annular region of width 0{t~^'^ Inr) around the circle of integration. Again, for r* >T, each estimate 
in Equation (|4.35p is less than 27r/3; thus, for large enough r*, the modulus of the contribution of the 
error estimates to f is less than 27r. (Their contribution is actually equal to zero, since the results 
of the integration of the right-hand sides should coincide with the results of the integration of the 
corresponding left-hand sides, and, according to Equations (J4.34I) . should be equal be 27ri multipled by 
an integer.) Now, calculating the integrals <f F{'d) dd in Equations (|4.27p and (|2.18l) . and the equation 
resulting upon multiplying Equation (j2.19p by the factor 2r^^, one arrives at the following systems: 
(i) for n=T= 



^00 



27ri(r7,+ + n_ — 2np) = — 47ri, 27ri(n_ + np) = 27ri, 27ri(n_ — rip) = — 27ri; 

(ii) for T,=T+„, 

27ri(ri+ -|- n_ — 2np) = 27ri, 27ri(ri_ -|- rip) = 0, 27ri(n_ — rip) = 0; 



^^It follows from the derivation in Section [3] and this section that the error estimate 0(t *<3 Inr) in the "phase", 
is a meromorphic function in D; this fact, however, is not used in the proof. 
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and (iii) for r*=T-^,„, 

27ri(n_|_ + n_ — 2np) = 27ri, 27ri(n_ + n^) = 27ri, 27ri(n_ — rip) = 27ri. 

One completes the proof upon solving these systems. D 

Corollary 4.1. Define t^„ and t'^^ ^, respectively, as the leading terms of asymptotics of t^ ^^ and 
'''asm (c/- Proposition]^^, that is, 

2 \ /I 2 

™ \ ' In TO 



as.m ■ as,m ' I / — / ' as,rn ' as^ni ' ^-^ 



,/ ln^TO \ 
Under the conditions of Theorem H.ll 



± _ ,± .-/ 1 M 



'm 'as,?™!^!'" I 5 'm ' as,m~^-^ \ '"• 

?7l— >00 \ / 771— >-00 ' \ 

where 0<S<l/39. 

Proof. As follows from Proposition |4?5l 0<5<l/39; thus, In m/ y/ra<^m^~^ as to,— 7>oo. D 

This completes the proof of Thcorcm l2.2l which is equivalent to the specification of the cheese-holes 
in Vu- 



Acknowledgments 

The authors were supported, in part, by a College of Charleston (CofC) Mathematics Department 
Summer Research Award. 



Degenerate Third Painleve Equation: II 43 

Appendix A: Poles and Zeroes 

In this Appendix some basic information concerning the poles and zeroes of the solution u(t) of 
Equation (|l.ip and the associated functions H{t) and /(r) (cf. Equations (11.21) and (ll.3p . respectively) 
are presented. 

Let Too be a pole of m(t); then, its Laurent expansion reads 

oo 

tt(T) = - . ^ .^ +ao + ^ak{T~-Too)'', e = ±l, (A.l) 

4e(,T T^) ^^_^ 

where oq is a parameter, and the remaining coefficients, a^, are recursively and uniquely defined; for 
example, 

ao ah 12eag 9ao 8a6 24eag 4ao 

Too' 5too 5too lOr^' 45r^ 5t^ 5t^ ' 

_ e62 32ai] 4eaoafe 10a5 47ea^ 5ao 

'''"^7;^^7;r"^^^63^"T^"^7;i' 

e5^ 96aj] 124eaoa6 a6 STcoq 9ao 
05 — 



35t^ 7t3, 105t33 7t4 7t^ 14r^ 



The Laurent expansion of the associated Hamiltonian, 'H(t), reads 

nr)-7r(^-k] =^— + H, + Y^Hk{T-T^)\ (A.2) 

ZT \ L J T Too ^^^ 

where the coefficients, H^, can be uniquely determined via Equation (37) of [1]; for example, 

8eao 2ie6 6eao 
Ho = l2eao, Hi = , i^2 = 1 —, 

16ae6 IGag 24eao Sifeap 8ae6 Soq 4eao 

_ 52fe2 128a6ao I2%€al 8i6ao 16ae6 468a^ 24eao 
35Toq 35rQQ joToq t,^ SIt^q oot^ 'Tqo 

The function /(r) also has a first-order pole at t~Too'- 

where the coefficients, fk, can be uniquely determined via Equation (|1.3p : for example, 

. ia 3 ^ • ^ , «oe 

Jo = -y-^, Ji = -2aoe, /2=ie6+ — , 



00 



Bag 4ae& ie6 3aoe 4iao& 12aQ Aaeb 2aQe 



5Too O'T'oo ''"00 5''"oo ''"00 ''^oo ^"^00 '-'^00 

_ 6fe2 64eag 48a5ao 4ae& 94a2 2eao 
■^'"7^~35^" 35t^ "63^+35^"7^- 

There are two types of first-order zeroes of u(t), denoted Ts, s=:±1, which differ by their Taylor 

expansions: 

00 

u{T)^Y.^l{T~n)\ (A.4) 

fc=l 

where, for example. 
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These two types of first-order zeroes are "analytically" distinguished by the Hamiltonian function; 
indeed, at t — t+^ the function 'H(t) is holomorphic, 

oo 
fc=l 

where the first few coefficients are 

while, at t = t-, the function H(t) has a first-order pole, 

'^i-)--A--k] =T-r+^o+Y.Hu{r-r^)\ (A.5) 

where, for example. 



2t\ 2 T-T_ 



3i&3 T_ 163 2ie6 Sifcg 

The zeroes of u(t) are also distinguished by the function /(r): 



/W-EAt(r"r+f, (A. 



/c=l 

where the first two coefficients are 

4a^_3i6^ 36+/ i\ i(4a^ + l) / i 

•^1 " 8t+ 46 ' ^2 - ^ie6 ^^ (^a ^j gr^ 1^" 2 

and 



where, for example. 



^ ' k=l 



•'^ 2I 2/ ' •'1 46 ' ''2 8^ 



As follows from the definitions of the associated functions 'H(t) and /(r), they have poles only at 
the poles and r_-zcrocs of the function u{t). 

Appendix B: Comparison of Asymptotic Results 

The ranges of the validity for asymptotics of u{t) obtained in Part I [T] of our studies and in this 
paper overlap: this enables us to resolve the ambiguity in the choice of sign for the function ro(T) 
discussed in the proof of Proposition 14.11 

The asymptotics of u(r) for |Re(z/(£:i,£2)+l)| < 1/6, £1,62=0, ±1, are obtained in Theorem 3.1 of 
[I], whilst the asymptotics of u(r) stated in Theorem l2.1l of this paper are applicable for Re(i/(ei, £2)+ 
1) G (0,1) \ {1/2}. In fact, if one is concerned only with the leading exponent of cosh(-) in the 
asymptotics of u{t) presented in Theorem 3.1 of [T], then the range of its validity can be extended 
to |Re(t'(ei, £:2) + l)| < 1/2- Analogously, only the leading exponent in the expansion of sin~^(-) in the 
asymptotics of u{t) obtained in Theorem 12. II of this paper is "larger" than the error correction term 
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in case Re(r/(ei, £2)+!) > 0. Therefore, the corresponding leading exponents of the asymptotics of u{t) 
in Theorem 3.1 of [T and Theorem l2.1l of this paper should coincide, provided 

0<Re(?(£i,e2) + l)<2- (B-l) 

Recall the main asymptotic (as r— >oo) result for u(t) obtained in Part I [l]^. 

Theorem B.l (Theorem 3.1 [1). Let 81,62— 0,ztl, eb~\eb\e^^^^ , andu{T) he a solution of the degen- 
erate third Painleve equation (jl.ip corresponding to the monodromy data (a, Sg, s§°, s^, f/11,512, 321, 
922)- Suppose that 



Re( ^ln(gii(£i,£2)522(£i,e2)) 



1 
<6- 



ffii(£i, £2)5i2(£i, e2)g2i(£i, £2)522(£l, £2) ?^0, 
Then, 3 5>0 such that u{t) has the asymptotic expansion 

uir) ^^=^_ /~^^3|'2^ fy^ + V^(£i,£2) + le^cosh(i,?(T) + (i;(£i,£2) + l)lnz9(r) 

+ z(£i,£2)+0(T-*))j, (B.2) 

where 

7?(T):=3V3|e6|i/3|r|2/3, I7(£i,£2) + 1 :-t^ In(gii(£i,£2)ff22(ei,e2)), 

1 ITT iTTl 

z(£i,£2):- — ln27r-- -(J7(£i, £2) + l) + (-l)''^ialn(2 + V3) + (j;(£i, £2) + !) Inl2 

zvr z z 

- In(^w(£i,£2)v/t'(ei,e2) + ir(i?(£i,£2) + l)j , 

with 

I N 5i2(ei,e2) ,„ „x 

w(£i,£2):= -, (B.3) 

522 (ei, £2) 

and r(-) is the gamma junction. 

LefHir) be the Hamiltonian function defined in Equation (|1.2p corresponding to the function u{t) 
given above. Then, 

nir)-^(a-t}p.V ^ 3(e6)^/V/3 + 2|.6|V3,-i/3(^(^„_LH!!i 

- i2V3(J^(£i,£2) + l) + o(r-*)) . 
Now, taking into account condition (|B.ip . one shows that asymptotics (|B.2p implies 

U(r) = (-l)^"£|efeP^'^ |_|l/3 I (~l)'''^Vl^ |_|»Rc(g(gi,e2) + l)^.e(T) , g(_-|Rc(g(ei,e2) + l)) 

r^-ooci'si 2 2 • 3-'-/'* 

+ 0(^iRc(?(£i,<r2) + l)-<5)^ (B.4) 

where 

e(T):=i3x/3|e6|i/3|r|2/3+iIm(i:^(£i,£2) + l)ln|T|2/3 + (j;(£i,£2) + l)ln(36y3|e6|i/3) 

^ i\e2- 1 ^o , /^\ , ^'^ 37ri ^ , IN 1 /'^(ei,£2)r(?(£i,£2) + l)\ .„ _. 

+ (-l)''^ialn(2 + V3) + — - — (i/(£i,£2) + l)-ln( -= I . (B.5) 



Using the Euler formula for sin(-) to expand asymptotics (|2.3p (assuming condition (jB.ip ) in Theo- 
rem [5?T] of this work, one arrives, again, at asymptotics (jB.4p . but with the error correction 

(i-,j-^|Ro(E;(£i,£2)+i)-<5G lnr) + C'(r^^°(''(''i'^2)+^)~^); 



^^In order to facilitate the comparison, the parameter e which appears in Theorem 3.1 of [0 has been changed to e. 
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furthermore, there is a discrepancy in the definition of the parameter uj{ei,e2) (cf. Equation (jB.51) ): 
instead of (IB.3|) . one finds that 

ui{si, S2) := gii{ei, e2)gi2{£i, £2)- (B.6) 

In fact, (jB.6|) is the correct definition of uj{ei,e2) (sec the discussion below); therefore, (|B.6|) should 
be used in lieu of the definition of a;(£i,£2) in Theoreni lB.il and in Theorem 3.1 of [I]. 

The root of this discrepancy is related with the fact that the right factor of the second term in 
Equation (79) of [1 should be changed, namely. 

As a consequence of (jB.7p . corresponding changes should be made to the following formulae in [T]: 
(i) to the right-hand sides of Equations (96), (98), and (99) one must add the term i7r(:^-|-l); (ii) to 
the argument of the exponential function on the right-hand side of Equation (101) one must add the 
term — 27ri(zy + l); (iii) to the right-hand side of the formula for z„ given in Corollary 4.3.1 one must 
add the term 2T:i{iy+l); and (iv) the definition of the parameter a}(£i,£2) appearing in Theorem A.l 
should be changed^ to aj(£i,£2) :=gll(£l,£2)gl2(£l,£2)• 
Making analogous expansions for the cot(-) functions in Equation (|2.8p of Theorem l2.11 one obtains 
an asymptotic formula for 'H(t) that coincides with the one presented in Theorem lB.il 

For the other choice of ro(r) (cf. the proof of Proposition 14. ip one would obtain the same asymp- 
totics ((B^ - ((B3)) but with the change e(T)->e(T)+i7r. 

Appendix C: Asymptotics for Imaginary r 

Here, asymptotics as r— )-±icx) of the functions u(t), 'Hf'''), and /(t) are presented. These results are 
obtained by applying transformations 6.2.2 (changing^ a— > —a) and 6.2.3 (changing^ r —>■ ir) given 
in Section 6 of [T] to the asymptotic results (for £^=£2 = 0) stated in Theorems 12 . 1H2 . 3l of this paper. 
For this purpose, it is convenient to introduce the auxiliary mappin£^ 

3^61,62 ■ 3Vt->M, {a, Sq, s^ , s'^ , gii, gi2, 921, 922) >-^ 

((-l)i+^2a, s[5,s;f (£i,£2),s^(£i,£2),5ii(£i,£2),?i2(ei,£2),?2i(ei,£2),?22(ei,£2)),ei=±l,e2 = 0,±l, 

which is equivalent to the formulae for the monodromy data in transformations 6.2.2 and 6.2.3 in 
Section 6 of [Tj (with l — ei and ^ = £2). Definco: 

(1) J_i,o: SS°£-1,0) = sfe"^, sf{-l,0)^^s^e^, 5ii(-l,0) - -5226^, ?i2(-l,0) = -((721 + 
sS°522)e"T^ , 52i(-l, 0) = (s[].g22-gi2)eT^, and g22(-l, 0) = i4i92i+s^ g22) - giis^ gi2)e- ^ ; 

(2) J_i,_i^SS^(-l,-l) = sC°e-^, Sr(-l,-^)-sre^, gn(-l, -1) = -i52ie-T^5i2(-l, -1) = 
-15226^, 52i(-l, -l) = -i(.gii-Sog2i)e~T, and 522(^1, -l) = -i(.gi2-So522)eT; 

(3) J_i,i: ^(-1,1) = sS°e-j, Sr(-l,l) =jTe"^, 5ii(-l,l) =,9iie-T, gi2(-l, 1) = .9126^, 
?2i(-l,l)=.g2ie"T, and 522(-l, l)==.g22eT; 

(4) Ji,o: ^{l,0)^sre^, 5^(1, 0) = sg°e^, 5ii(l, 0) = -i5i2eT, 9,2(1,0) ^-[{gn + s^ 912)0-^ , 
52i(l,0) = -ig22e^, and 522(1, 0) = -i(52i + sif522)e~T; 



^^There are a few innocuous misprints in T, which do not, however, affect the final results: (i) the factor 3\/3 —2 
appearing on the right-hand sides of Equations (76) and (92) should read 3(\/3— 1); (ii) the factor i(efe)^' r ' appearing 
on the right-hand side of Equation (98) and in the argument of the exponential function on the right-hand side of 
Equation (101) should read ^(£b)^'^T'^'^; and (iii) the factor i(3\/3 — l)(efe)^' t ' appearing on the right-hand side 
of Equation (99) should read i(3v^- |)(eb)i/3T2/3. 

^^In transformation 6.2.2, t^t, that is, Tn = To. 
■^"in transformation 6.2.3, a^a, that is, an=ao. 

■^-'^ There is a misprint on page 1202 (Appendix) of 1_: for items (1) and (4) in the definition of the auxiliary mapping 
El, £2, ^^^ change 
22.g(£i,e2) = s8. 
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(5) Ji,_i: s5°(l,-l)^= s^e^, 5^(1,-1) =jl^~'^^ ?ii(l,-l) = ffne"^, ?i2(l,-l) - ffi2e"T, 
521(1, -l)==52ie'4'' , and 522(1, -l) = g22e~"'i' ; 

(6) Ji,i: SS°(1,1) = sg^e^, 5^1,1) = sfe-^, 5ii(M) = 1(921 + s"ogii)e^ , 312(1, 1) - i(.g22 + 
So5i2)e '4% g2i(l,l) = i5iie''*°, and522(l,l)=i5i2e '1°. 

Theorem C.l. Lei ei — ±1, £2 = 0, ±1, eb = |e&|e"^^^, and u{t) be a solution of Equation (II. ip 
corresponding to the monodromy data (a, Sg, sg°, 35^,(711,(712, 521,522)- Suppose that 

5ii(ei, £2)512(^1, £2)521(^1, e2)522(ei, £2) 7^0, Re(9(£i,£2) + l)e (0, 1) \ {5} , (C.l) 

where 

i?(£i,£2) + l:==--ln(5ii(£i,£2)522(£i,£2))- (C.2) 

ZTT 

r/ien there exist Sq satisfying, for 0<Re(P(£i, £2) + l) < 2, the inequality 

l^l + 2Rc(P(£i,£2) + l) 



3V7+6Re(9(£i,£2) + l) 

and, for 2 <Re(i'(£i, £2) + l) < 1, the inequality 

l/ 3-2Re(P(£i,£2) + l) 
''^3^9 + 2Re(9(£i,£2) + l) 

SMc/i i/wii w(t) ftas t/ie asymptotic expansion 



<t) =. -^^(e-^r)V^ 1^ . ^ (C.3) 

.->ooc^ 2 \^ 2sin (i/3(£i,£2,T)); 

e~^£(£b)^/3 _^3^ xi/3 sin(^/^(£i,£2,-r)-79o)sin(^^(£i,£2,T)+^o) 

r^^e'-^ 2 Sm (i/3(£i,£2,T)) 

w/iere 



/3(£i,£2,t) :=0(T)-i Uj>(£i,£2) + 1)-^ j ln^(r)-i Ui?(£i, £2) + l)-^ j In 12 + (-l)i+^^aln(2 + %/3) 

4 2 Y v 27r / 

i(;it/i 

^(T) = 3%/3(-l)^Hefe)i/3(c-^r)2/3, (C.6) 

"(^o given in Equation (j2.7p . a^c? r(-) t/ie Euler gamma function |11| . 

iei 'H(t) 6e i/ie Hamiltonian function defined by Equation (jl.2p corresponding to the function 
u{t) given above. Then 'H(t) /las t/ie asymptotic expansion 

n{T) = e^"^ (3{ebf/^{e-'^T)^^^^i{^lYHV3{eb)^^^e-'-^T)-^/^({d{ei,e2) + l) 

^ + ^(i(-l)'+''« + ^j+^cot(i/3(£i,£2,r))+^cot(i/3(£i,£2,r)-i?o) 
0{r-'-))). (C.7) 



r^-ooc 



T/ie function /(t) defined by Equation (|1.3p /las ^/ie following asymptotics: 

^ _Mqf^,,-^,).«L^^_ -1-,- ---).(a8) 

r-^ooc'^ 2 V V2sin(i;3(£i,£2,r))sin(i/3(£i,£2,r)-z9o)/ 
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Remark C.l. Define the strip {in the (j)-plane) 

P:={reC: Re(0(r)) >ci, |Ini(0(T))| Kcs} , (C.9) 

where 4){t) is given in Equation (|C.6p . and ci, C2 > are parameters. The asymptotics of u{t), 'H(t), 
and /(r) presented in Theorem I C . 1 1 are actually valid in the strip domain T>. 

Theorem C.2. Let ei — ±1, £2 — 0, ±1, eh — jefeje^^'^^, and u{t) he a solution of Equation (II. ip 
corresponding to the monodromy data (a, Sg, sj^, 55^,(711, (712,521, 322)- Suppose that 

?ii(ei, e2)?i2(£i, e2)52i(£i, e2)?22(ei, £2) 7^0, Re f — ln(gii(£i, e2)?22(ei, £2)) j = ^ • (C-10) 

Lei i/ie hranch of the function In(-) he chosetv^ such that Im(ln(— 5ii(ei, £2)322(£i, £2))) = 0. Define 

ei(£i,£2):=7pln(-gii(£i,£2)522(£i,£2)) (eM). (C.U) 

ZTT 

Then 3 S Cz (0,1/39) such that the function u(t) has, for all large enough mCzN, second-order poles, 
T^ , accumulating at the point at infinity, 

^ ,^p7r(-ir^my/Y^^3gi(ei,e2)lnm^3g2(£i,£2)l\ / .-y^ 

where 

g2(£i,£2):-gi(£i,£2)ln(247r) + (-l)^+-^Re(a)ln(2 + V3) + ;-largf !";^^'"^;!^^f^'"^i ) 

2 2 V.92i(£i,£2)522(£i,£2)/ 

?(r(i + ipi(£i,£2)))+i((-l)^+-Im(«)ln(2 + V3) + lln(^"("^''^)^^^('^''^) 



argi 



52l(£l,£2)?22(£l,£2) 



(C.13) 



furthermore, the function u{t) has, for all large enough m E N, a pair of first- order zeroes, t^, 
accumulating at the point at infinity, 

^+ '"=1 i2Tr(—lY^m\ ( 3oi(£i,e2) Inm 3 ,^ , , „„ n 1\ .^( 1 3* 

^™ = ^~ U /^/ 1m/3 V- A — ^2 £l,£2 ±2l?0 - +0 "12-^ 

m^oo v3v3(e6)^/3/ \ 47r m 47r m/ V 

(C.14) 
where z?o given in Equation (j2.7p . 

Remark C.2. To present asymptotics ofu{T), 'H(t), and /(r) outside of neighborhoods of poles and 
zeroes, introduce the cheese-like domain, T>u, for a solution u{t) : 

P„:={reP: |?(r)-^(r;;;)| ^qf« r*' } , 

where the strip domain T> is defined by Equation (jC.9[) . 0(r) is given in Equation (|C.6p . C > is a 
parameter, K — oo,zt (f^ are the poles and zeroes introduced in TAeorem lC.2[) . and 0<(5< 1/39. 

Theorem C.3. Lei ei = ±1, £2 = 0, ±1, eh = |e6|e"^^^, and u(t) he a solution of Equation (|l.ip 
corresponding to the monodromy data (a, Sq, sg°, s^, 511,512,521, 522)- Suppose that conditions (|C.10P 
are valid, the branch o/ln(-) is chosen as in Theorem \C2[ and Pi(£i, £2) is defined hy Equation (|C.lip . 
r/ien t/iere eiisi (5, Jg G R+ satisfying the inequalities 

0<6< — , 0<6<5c< , 

39' ^ 15 5 ' 



such that u[t) has the asymptotic expansion 

,^ sm{^f3{ei,£ 

sin^(i/3(£i,£2,T)) 



,, e ^e(e6)2/^, _iz:£L w3sin(i/3(£i,£2,r)-i5o) sin(i^(£i,£2,T)+^o) .„,^. 

"W =. n (e = r)^/^ ^ TTTT-?^ ^-^ ' (^-15) 



T-)-ooe~2- ""^ (2/ 



tGI?„ 



^^The second condition of Equations IIC.lOll suggests that this branch of In(-) exists. 
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where 



^(ei,£2,r) :=^(r) + ?i(£i,e2)ln^(r) + ^i(£i,e2)lnl2 + (-l)i+^^Re(a)ln(2 + V3) + ^ 



^arg £""^'^^£"f^'"^ -a^g(^(l + ig,(e,,S2)))+i((-l)^+--Im(a)ln(2 + ^/3) 



im 

2 



?ii(ei,£2)?i2(£i,e2) 



52i(ei,£2)?22(£i,e2) 



+0(T-'''5 1nT), 



(C.16) 



with (I){t) and -do given, respectively, in Equations (jC.6[) and (I2.7p . 

Let Jiir) be the Hamiltonian function defined by Equation (jl.21) corresponding to the function 
u{t) given above. Then ?^(t) has the asymptotic expansion 






+ ^ (^(-l)i+^=a-^j+icot(i^(£i,£2,r)) + icot(i^(£i,e2,r)-z?o) 



T/ie function f{T) defined by Equation (jl.31) /las the following asymptotics: 



(C.17) 



/(r 



) =. --^^ '' (e 2 r)^''^ 1+ 



r— >ooc^ 2 
tg5„ 



a/2 sin(i^(ei,£2,T))sin(i/3(£i,e2,T)-'!9o) 



(C.18) 



Remark C.3. For real, non-zero values of b, singular imaginary solutions u{t) {for imaginary r) 
of Equation (jl.ip are specified by tlie following '^singular imaginary reduction" for the monodromy 
datS _ 



o = -So> s^iei,e2) = -s^iei,e2)e^'"', ?ii(ei,e2) = -522(ei,£2), 



?i2(ei,e2) = -52i(ei,e2), lm(a)=0. 



(C.19) 



In this case, asymptotics ofr^, t^, u{t), 'H{t), and f{T) are as given in Equations (|C.12p . (|C.14p . 
(jC.lSp . (|C.17p . and (IC.18|) . respectively, but with the changes ^i(ei,£2) ~^ Qq{£it£2), &(£i,e2) — > 
^(ei,£2), aiid/3(£i,e2,T)^/3o(ei,e2,T), wiiere 

^o(£i,e2) :==-ln|gii(ei,£2)|, (C.20) 

IT 

e*(£i,£2):-^o(£i,£2)ln(247r) + (-l)i+^^Re(a)ln(2 + V3)-| 

- arg(gii(£i,£2)5i2(£i,£2)r(i + ieo(ei,e2))) , (C.21) 

^o(£i,e2,T):=0(T) + ^o(ei,e2)ln0(T) + ^o(ei,e2)lnl2 + (-l)i+"=Re(a)ln(2 + V3) 

-f-arg(?ii(£i,£2)?i2(£i,e2)r(i + ieo(ei,e2)))+0(T-'«lnr). (C.22) 



^^There exist regular imaginary solutions (cf. Part I [T], Appendix) which are specified by another imaginary reduction. 
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